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a b s t r a c t
The present work aims to examine the entropy heat generation analysis for unsteady MHD couple stress ﬂuid
ﬂow over a uniformly heated vertical ﬂat plate. The mathematical model of this problem is given by highly
time reliant non-linear coupled equations and resolved by an efﬁcient unconditionally stable implicit scheme.
The time histories of average values of momentum and heat transport coefﬁcients, entropy and Bejan lines, as
well as the steady-state ﬂow variables, discussed for several values of non-dimensional parameters arising in
the ﬂow equations. Results specify that time required to attain the time independent ﬂow with respect to the
ﬂow ﬁeld variables get ampliﬁed with the augmented values of couple stress parameter. The outcomes also indicate that entropy generation parameter upsurges with rising values of group parameter and Grashof number
while the reverse trend is observed for couple stress parameter and magnetic parameter.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
The analysis of the ﬂow past a vertical plate with boundary layer theory is interested primarily in the drag force and the nature of the ﬂow
pattern, which include several applications such as heat exchangers, in
the glass and polymer industries, cooling systems, electronic equipment, aerodynamic extrusion of plastic sheets, etc.
Studies on non-Newtonian ﬂuids with convective heat transfer have
many applications in science and engineering. These ﬂuids are demarcated by a non-linear constitutive correlation between the strain and
the stress. Various mathematical models have existed and explained
the behaviour of non-Newtonian relationship from that of the Newtonian ﬂuids. Non-Newtonian ﬂuids, for example polymers, pulps, molten
plastics, milk, jelly, ink, glues, mayonnaise, slurries, hand cream, foodstuffs etc. are progressively used in numerous manufacturing and engineering applications particularly in the industries such as cosmetics,
pharmaceuticals, chemicals, polymer processing and biotechnology.
These non-Newtonian ﬂuids under free convective ﬂow have garnered
substantial attention by many researchers. The ﬁrst study of laminar
natural convection heat transfer problem from an isothermal vertical
plate to a non-Newtonian ﬂuid was presented by Acrivos [1]. In particular substantial attention has been given to the non-Newtonian ﬂuid
ﬂow past vertical ﬂat plate problems in the literature. Some attempts
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have also been made for transient convection on vertical plate with various aspects (see refs [2–6].). Due to numerous rheological features of
non-Newtonian ﬂuid models, they are given importance in the literature. One such non Newtonian ﬂuid is couple stress ﬂuid given by Stokes
[7]. These ﬂuids have various features such as body couples, couple
stresses, and non-symmetric stress tensor. The study of these ﬂuids
have applications in lubrication theory [8], blood ﬂow [9], squeeze
ﬁlm [10], Bio-ﬂuid mechanics [11] and in the bearing system [12]. Also
it has several industrial applications such as thickened oils, synthetic
ﬂuid, colloidal solutions, freezing of metallic plate in a bath, etc. Devakar
and Iyengar [13] studied the couple stress ﬂuid problem between two
parallel plates with the concept of run up of ﬂow. Khan et al. [14] analyzed the heat transfer couple stress ﬂuid ﬂow past stretching sheet. Recently, Akhtar [15] studied the transient ﬂow between parallel plates
with two different time-fractional derivatives for couple stress ﬂuid.
Recent years have seen wide interest in the subject of magnetohydrodynamics (MHD). This area of study is concerned with the motions
of ﬂuids which possess an electrical conductivity in the presence of electric and magnetic ﬁelds. The motion of an electrically conducting ﬂuid in
a magnetic ﬁeld generates induced electric currents which interact with
the original magnetic ﬁeld and yield mechanical forces which alter the
ﬂuid motion. Various scientiﬁc endeavours today are concerned with
the phenomena associated with MHD: controlled thermonuclear fusion
research and high speed aerodynamics, in ﬂow control, communications, aerodynamics, plasma containment, propulsion and power generation, electrical components transmission lines, forming metal etc. The
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Nomenclature
B0
Be
B
Br
cp

C
f

dij
E
g
Gr
H
J
k
Ns

Nu
M
m
mij
Pr
p
q
t′
t
T′
T
τij
x
y
u, v
X
Y
U, V

applied magnetic ﬁeld
dimensionless Bejan number
magnetic ﬂux
Brinkman number
speciﬁc heat at constant pressure
dimensionless average momentum transport coefﬁcient
rate of deformation tensor
electric ﬁeld
acceleration due to gravity
Grashof number
magnetic ﬁeld
current density
thermal conductivity
dimensionless entropy heat generation number
dimensionless average heat transport coefﬁcient
magnetic ﬁeld parameter
trace of couple stress tensor
couple stress tensor
Prandtl number
ﬂuid pressure
velocity vector
time
dimensionless time
temperature
dimensionless temperature
force stress tensor
axial coordinate
transverse coordinate
velocity components in (x, y) coordinate system
dimensionless axial coordinate
dimensionless transverse coordinate
dimensionless velocity components in X, Y directions, respectively

Greek letters
η
material constant
β
couple stress ﬂuid parameter
η, η′
couple stress viscosity coefﬁcients
βT
volumetric coefﬁcient of thermal expansion
α
thermal diffusivity
ρ
density
μ, λ
viscosity coefﬁcients
ν
kinematic viscosity
εijk
Levi-Civita symbol
ω
spin vector
ωij
spin tensor
σ
electrical conductivity of the ﬂuid
Ω
dimensionless temperature difference
BrΩ−1
dimensionless group parameter
δij
Kronecker delta

Subscripts
l, m
grid levels in (X, Y) coordinate system
w
wall conditions
∞
ambient conditions

Superscripts
n
time level

Fig. 1. Flow geometry and coordinate system.

application of magnetohydrodynamics play vital role in the blood ﬂow
[16], plasma technology [17], direct numerical simulations [18], seawater propulsion [19], drag reductions in the boundary layer [20], and
other recent applications can be found in [21–22]. Few works on MHD
couple stress ﬂuid ﬂow for various conﬁgurations have been found in
[23–25]. Recently, Srinivasacharya and Madhava Rao [26] examined
the MHD effect for pulsatile ﬂow of couple stress through the artery.
Khan et al. [27] examined the MHD ﬂow problem for couple stress
ﬂuid with heat transfer. Ali et al. [28] presented the MHD ﬂow of couple
stress ﬂuid past a sheet.
The laws of thermodynamics and Newton's second law of motion
are the basic principles on which all the ﬂow and heat transfer systems
developed today. First law of thermodynamics provides information
about the energy of the system quantitatively. On the other hand, the
second law of thermodynamics states that entire actuality processes
are irretrievable and it is a useful tool to examine the entropy generation
to assess the irreversibility in the system. Entropy production determines the irreversibility related to the natural processes such as a counter ﬂow heat exchange for gas to gas applications. Currently, entropy
analysis was the subject of various interests in several areas comparable
to turbo machinery, rotating disk reactors, porous media, electric
cooling, heat transferring devices, electromagnetic materials processing
and propulsion ducts, and combustions. Few recent applications of entropy generation are pseudo-optimization design process in solar heat
exchangers [29], minimizing lost available work during heat transfer
processes [30] and multiﬁeld ﬂows [31]. The foremost of the energyrelated applications, for example, cooling of nuclear fuel rods, nuclear
swirl electromagnetic propulsion, slurry systems, heat loss from steam
pipes, cooling of modern electronic systems, solar energy collectors,
and heat energy systems rely on entropy generation. The study of entropy generation with a magnetohydrodynamic ﬂow has received considerable attention due to ever-growing applications such as MHD
generators, micropumps, power plant, nuclear reactors, accelerators,
ﬂow meters, ﬁltration and geothermal systems etc. Furthermore, the
study of entropy generation for hydromagnetic couple stress ﬂuid
ﬂow has signiﬁcant applications such as designing porous lining [32],
analysing channel ﬂow [33,34], etc. Several researchers studied the
Table 1
Grid independence test for selecting mesh size.
Grid size

Average Nusselt number (Nu) for Pr = 0.71, β = 0.2, M = 1.0

25 × 125
50 × 250
100 × 500
200 × 1000

0.35100727
0.35533096
0.35954117
0.35959198
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Table 2
Grid independence test for selecting time step size.
Time step size (Δt)

Average Nusselt number (Nu) for
Pr = 0.71, β = 0.2, M = 1.0

0.5
0.1
0.08
0.05
0.02
0.01

0.35954305
0.35953980
0.35953980
0.35953962
0.35954043
0.35954117

entropy generation concept related to the heat transfer problem for different geometries. Ramana Murthy and Srinivas [35] analyzed the ﬁrst
and second law of thermodynamic for MHD ﬂow of couple stress ﬂuid
between parallel plates. Aksoy [36] studied the inﬂuence of couple
stress ﬂuid on entropy generation between parallel plates. Recently,
Srinivas et al. [37] analyzed the entropy generation in ﬂow of two immiscible incompressible couple stress ﬂuids between two horizontal
parallel plates.
From the previous studies, it is observed that very scant attention
has been paid for the time-dependent couple stress ﬂuid ﬂow past a vertical ﬂat plate along with entropy heat generation. Thus, it is focused to
analyze the second law of thermodynamic analysis for couple stress
ﬂuid ﬂow over a uniformly heated vertical ﬂat plate in the boundary
layer region. The temperature at the surface is taken to be greater
than that of surrounding ﬂuid temperature. The governing equations
of couple stress ﬂuid are complicated, coupled, non-linear and higherorder compared with those of Navier-Stokes equations. Thus, in general,
one can obtain the numerical results by applying the implicit ﬁnite difference method and are corroborated with the previously published results available in the literature. The transient assets of the couple stress
ﬂuid ﬂow with entropy heat generation are studied for the momentum
and heat transport coefﬁcients for different control parameters and
compared with the Newtonian ﬂuid ﬂow.

where, J and B are given by Ohm's law and Maxwell's equations, namely,
∇  E ¼ 0; ∇  H ¼ 4πJ; ∇  B ¼ 0; J ¼ σ ½E þ q  B

Here, J - current density, E - electric ﬁeld, H - magnetic ﬁeld, B - magnetic ﬂux, q - velocity vector and σ - the electrical conductivity of the
ﬂuid. The considered plate is under the effect of a transverse magnetic
ﬁeld with a uniform strength, B0, as shown in Fig. 1. It is presumed
that the magnetic Reynolds number is very small. Therefore, the interaction of the induced axial magnetic ﬁeld with the motion of
electrically-conducting couple stress ﬂuid ﬂow is expected to be minuscule compared to the interaction of the applied magnetic ﬁeld. Further,
no external electric ﬁeld is applied. With these assumptions, the magnetic ﬁeld J × B of the body force term in momentum Eq. (2) reduces
to −σB20u where B0 is the intensity of the forced transverse magnetic
ﬁeld. Here, it is assumed that the vertical scale of the ﬂow is too small
so that the hydrostatic pressure variations cannot cause the signiﬁcant
changes in the density. Under these circumstances, the Boussinesq's approximation is relevant to the couple stress ﬂuid [38]. Using
Boussinesq's approximation, Eq. (2) can be rewritten as [7,38,39,40]

ρ

∂u
∂u
∂u
þu þv
∂t 0
∂x
∂y



2
4


∂ u
∂ u
¼ gβT T 0 −T 0∞ þ μ 2 −η 4 −σB20 u
∂y
∂y

∂T 0
∂T 0
∂T 0
∂ T0
þv
¼α 2
0 þu
∂t
∂x
∂y
∂y
2

The stress tensors related to couple stress ﬂuid theory is given by [7,
1 
τij ¼ ð−p þ λ∇:qÞδij þ 2μdij − εijk m;k þ 4ηωk;rr þ ρck
2
mij ¼

1
mδij þ 4η0 ω j;i þ 4ηωi; j
3

ð1Þ

Law of conservation of momentum:



∂q
2
4
0 þ ðq:∇Þq ¼ −ρg−∇p þ μ∇ q−η∇ q þ ð J  B Þ
∂t

ð2Þ

ð4Þ

39]

Transient two-dimensional laminar buoyancy driven couple stress
ﬂuid ﬂow past a semi-inﬁnite vertical plate of length l with transversely
applied magnetic ﬁeld B0, which is aligned vertically is considered and
described in Fig. 1. The rectangular coordinate system is chosen, in
which the axial coordinate (x-axis) is selected vertically upward direction of the plate, while the transverse coordinate (y-axis) is assessed
normal to the plate at the foremost edge. The neighbouring ﬂuid temperature is considered to be stationary and similar to that of free stream temperature T ∞ ′. At the outset, i.e. t′ = 0, the temperature T ∞ ′ is uniform
for the plate and surrounding ﬂuid. Later (t′ N 0), the temperature of the
vertical plate is augmented to Tw′ (N T ∞ ′) and preserved uniformly there
afterward. The inﬂuence of viscous dissipation is presumed to be insignificant in the thermal equation, since the fact that, in the ﬂow region, the
magnitude of velocity is expected to be minuscule. The incompressible
couple stress ﬂuid is modelled by the following constitutive equations:
Law of conservation of mass:

ρ

ð3Þ

Law of conservation of energy:

2. Problem description

∂u ∂v
þ
¼0
∂x ∂y
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Fig. 2. Comparison of ﬂow-ﬁeld variables.

ð5Þ
ð6Þ
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In the above Eqs. (5)–(6) p, τij, dij, δij, ωj, i, εijk, ρck represents the ﬂuid
pressure, force stress tensor, rate of deformation tensor, Kronecker
delta, spin tensor, Levi-Civita symbol (permutation symbol) and body
couple vector respectively. m (=m11 + m22 + m33), ωð¼ 12 ∇  qÞ denotes the trace of a couple stress tensor mij and spin vector respectively.
Comma in the sufﬁxes denotes covariant differentiation and ωk, rr stands
for ωk, 11 + ωk, 22 + ωk, 33.
The viscosity coefﬁcients λ, μ and the couple stress viscosity coefﬁcients η, η′ are the material constants and which constrained by the following relation.
3λ þ 2μ ≥0; μ ≥0; jη0 j≤η; η ≥0

ð7Þ

The distinctive measure of the polarity of the ﬂuid model is a length
qﬃﬃ
parameter lð¼ μηÞ [39], and this parameter is identically zero in the
case of non-polar ﬂuids.

Fig. 4. Simulated time-independent state velocity proﬁle (U) versus Y at X = 1.0 for
various values of β and M.

The resultant initial and boundary conditions are given by
0

t 0 ≤0 : T 0 ¼ T ∞ ; u ¼ 0; v ¼ 0 for all x and y
0
t 0 N0 : T 0 ¼ T w ; u ¼ 0; v ¼ 0
at y ¼ 0
0
0
at x ¼ 0
T ¼ T ∞ ; u ¼ 0; v ¼ 0
0
T 0 →T ∞ ; u→0; v→0
as y→∞

ð8Þ

For the ﬂow of couple stress ﬂuid, V. K. Stokes [39] suggested that the
vorticity of the ﬂuid on the boundary is equal to the rotational velocity

Fig. 3. Time-dependent velocity proﬁle (U) versus time (t) for various values of β and M at
the location (a) (0, 1.24); & (b) (0, 4.40).

Fig. 5. Simulated time-dependent temperature proﬁle (T) versus time (t) at the location
(0, 0.35) for distinct values of β and M.
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Fig. 8. Average heat transport coefﬁcient (Nu) for different values of of β and M.
Fig. 6. Simulated time-independent temperature proﬁle (T) versus Y at X = 1.0 for various
values of β and M.

of the boundary, i.e., Curl q = 0

⇒

∂u ∂v
¼
at y ¼ 0 and as y→∞
∂y ∂x

ð9Þ

where q is the velocity vector.
Now, initiating the subsequent non-dimensional quantities (for the
below symbols refer nomenclature)
x
y
ul
vl
υt 0
T 0 −T 0∞
X ¼ Gr−1 ; Y ¼ ; U ¼ Gr−1 ; V ¼ ; t ¼ 2 ; T ¼ 0
0 ; Gr
l
l
υ
υ
T
l
w −T ∞
3 0
0 
gβ l T w −T ∞
;
¼ T
υ2

Fig. 7. Average momentum transport coefﬁcient ( C f ) for different values of β and M.

Fig. 9. Simulated steady-state entropy proﬁle (Ns) versus Y at X = 1.0 for different values
of (a) β and M; & (b) BrΩ−1 and Gr.
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 0

2
T w −T 0∞
υ
μυ2
σB20 l
η
; Br ¼  0
;β ¼ 2
;
Ω
¼
;M ¼
2
0
0
α
ρυ
T∞
k T w −T ∞ l
μl

2

∂T
∂T
∂T
1 ∂ T
þU
þV
¼
Pr ∂Y 2
∂t
∂X
∂Y

in the Eqs. (1), (3), (4), (8) and also in Eq. (9), they reduce to subsequent
form:
∂U ∂V
þ
¼0
∂X ∂Y
2

The initial and boundary conditions in non-dimensional form become

ð10Þ

t ≤0 : T ¼ 0; U ¼ 0; V ¼ 0
for all X and Y
t N0 : T ¼ 1; U ¼ 0; V ¼ 0
at Y ¼ 0
T ¼ 0; U ¼ 0; V ¼ 0
at X ¼ 0
T→0; U→0; V→0
as Y→∞

ð13Þ

ð11Þ

∂U ∂V
¼
at Y ¼ 0 and Y→∞
∂Y ∂X

ð14Þ

4

∂U
∂U
∂U
∂ U
∂ U
þU
þV
¼ T þ 2 −β 4 −MU
∂t
∂X
∂Y
∂Y
∂Y

ð12Þ

3. Finite difference solution
To elucidate the above governing time-dependent mathematical ﬂow-ﬁeld Eqs. (10)–(12) along with initial and boundary conditions Eq. (13), an
unconditionally stable ﬁnite difference iteration scheme such as Crank-Nicolson method is applied. The ﬁnite difference equations to the above
Eqs. (10), (11) and (12) are as follows:

nþ1
n
n
U nþ1
l;m −U l−1;m þ U l;m −U l−1;m

2ΔX

þ

nþ1
n
n
V nþ1
l;m −V l;m−1 þ V l;m −V l;m−1

2ΔY

¼0

Fig. 10. Simulated steady-state entropy lines (Ns) for different values of (a) β; (b) BrΩ−1; (c) M; & (d) Gr.

ð15Þ

G. Janardhana Reddy et al. / Journal of Molecular Liquids 252 (2018) 169–179
n
U nþ1
l;m −U l;m

U nl;m
V nl;m
nþ1
n
n
nþ1
n
n
U nþ1
U nþ1
l;m −U l−1;m þ U l;m −U l−1;m þ
l;mþ1 −U l;m−1 þ U l;mþ1 −U l;m−1
Δt
2ΔX
4ΔY
!
nþ1
n
nþ1
nþ1
nþ1
n
n
n
Tl;m þ Tl;m
U l;mþ1 −2U l;m þ U l;m−1 þ U l;mþ1 −2U l;m þ U l;m−1
þ
¼
2
2ðΔY Þ2
!
!
nþ1
nþ1
nþ1
nþ1
n
n
n
n
n
U l;mþ2 −4U l;mþ1 þ 6U l;m −4U l;m−1 þ U nþ1
U nl;m þ U nþ1
l;m−2 þ U l;mþ2 −4U l;mþ1 þ 6U l;m −4U l;m−1 þ U l;m−2
l;m
−M
−β
2
2ðΔY Þ4
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þ

ð16Þ

n
Tnþ1
l;m −Tl;m

U nl;m nþ1
V nl;m nþ1
n
n
n
n
þ
Tl;m −Tnþ1
Tl;mþ1 −Tnþ1
l−1;m þ Tl;m −Tl−1;m þ
l−1;m þ Tl;mþ1 −Tl−1;m
Δt
2ΔX
4ΔY
" nþ1
#
"
#
nþ1
n
n
n
nþ1
n
n
Tl;mþ1 −2Tnþ1
Tnþ1
l;m þ Tl;m−1 þ Tl;mþ1 −2Tl;m þ Tl;m−1
l;mþ1 −Tl;m−1 þ Tl;mþ1 −Tl;m−1
¼
þ
4 Pr ðΔY Þ
2 PrðΔY Þ2

ð17Þ

In the above Eqs. (15), (16) and (17) the subscripts l and m denote the grid points along the X and Y coordinates, respectively, where X = lΔX and
Y = mΔY and the superscript n designates a value of the time t(=nΔt) with ΔX, ΔY and Δt the mesh sizes in the X, Y and t axes, respectively.
The results of these ﬁnite difference equations obtained in the rectangular grid with Xmax = 1, Xmin = 0, Ymax = 20 and Ymin = 0, where Ymax
relates to Y = ∞ which lies far away from the heat and momentum transport boundary layers.
Validation of the numerical code using grid independence study
To have an economical consistent grid scheme for the reckonings, a grid independency test has been conducted using four different grid sizes
of 25 × 125, 50 × 250, 100 × 500 and 200 × 1000 and the values of the average Nusselt number for the control parameters Pr = 0.71, β = 0.2
and M = 1.0 on the boundary Y = 0 is shown in Table 1. Regular grid is used for all cases. It is observed from Table 1 that 100 × 500 grid compared
with 50 × 250 and 200 × 1000 does not have signiﬁcant effect on the results of average Nusselt number. Hence according to this observation, a
uniform grid size of 100 × 500 is enough for this study with the mesh sizes of 0.01 and 0.04 in axial and transverse directions, respectively. Similarly,
to produce a reliable result with respect to time, a grid independent test has been done for different time step sizes is shown in Table 2 and the time
step size Δt (t = nΔt, n = 0, 1,2,…) is ﬁxed as 0.01.
4. Results and discussion
To study the unsteady behaviour of the virtual ﬂow-ﬁeld variables,
such as temperature and velocity, their values are illustrated at different
positions, which are neighbouring to the vertical plate.
The computer-generated ﬂow-ﬁeld proﬁles for the case of Newtonian ﬂuids (β = 0.0) are similar with those of Takhar et al. [41] for Pr =
0.7 & M = 0.0, and are illustrated in Fig. 2. The outcomes are found to
be in good covenant. These results conﬁrm the validity and accurateness
of the current numerical scheme. The simulated results are represented
to describe the variation of the dimensionless ﬂow variables, entropy
generation number (Ns) and Bejan number (Be) which are examined
along with average skin-friction and heat transport coefﬁcients for different control parameters arise in this problem. Such variations are plotted and conferred in the following subsections.

Fig. 4 elucidates the time independent-state U proﬁles for the variation of β and M against Y, respectively. It is seen that the U proﬁle in this
ﬁgure start with the no-slip boundary condition, reaches its peak and
then shrinkages to zero along the Y coordinate satisfying the far-away
boundary conditions. In the neighbourhood of the hot plate, it is noted
that the magnitude of non-dimensional axial velocity (U) is amplifying
as Y rises from Ymin (= 0). Further, the time needed to achieve the
steady-state upsurges as β and M increases. The time-independent U
curves in the region near to the plate, i.e., 0 b Y b 2.6 has decreasing
trend for increasing values of β and Newtonian ﬂuids (β = 0) is more
than that of the couple stress ﬂuids (β N 0), whereas opposite trend is
noted in the region far from the hot plate, i.e., Y N 2.6. The similar observation is noted in the transient velocity Fig. 3(a) and (b).

4.2. Temperature
4.1. Velocity
The simulated unsteady velocity (U) against time (t) at (0, 1.24) and
(0, 4.40) locations for distinct values of couple stress parameter (β) and
magnetic parameter (M) is graphically presented in Fig. 3. The U proﬁles, in Fig. 3(a) and (b), are taken in the vicinity and far away from
the vertical plate, respectively. At all positions, the velocity curves
augment with time, attains the temporal peak, then marginally decreases, and ﬁnally, they become independent of time. From Fig.
3(a) it is seen that in the vicinity of the vertical plate the transient
U proﬁle decreases with the increasing values β with ﬁxed M = 1.0
and the reverse trend is noticed in the Fig. 3(b). Also, in the vicinity
and far away from the vertical plate, the transient U curves decreases
for all values of M with a ﬁxed value of β = 0.1. The incentive behind
for this decrement is that, as M increases, results in the decreasing of
ﬂuid viscosity, which is accountable in the reduction of the velocity
proﬁle. From the Fig. 3(a) and (b), it is noted that the time to attain
the temporal peak upsurges as β ampliﬁes. It is also noticed that
from Fig. 3(a) the transient velocity of a Newtonian ﬂuid (β = 0) is
greater than the non-Newtonian couple stress ﬂuid (β N 0) and the
reverse trend is observed in Fig. 3(b). Therefore the unsteady velocity results corresponding to the couple stress ﬂuid vary with Newtonian ﬂuids.

Fig. 5 depicts the variation of β and M on unsteady temperature proﬁle (T) against the time (t) at the location (0, 0.35). From these data, in
the beginning the unsteady temperature proﬁle is found to drastically
increase with time, reaches the peak value, then decreases and again
slightly increases, and ﬁnally reached the time-independent state asymptotically. Also, it can be noted that for all transient T curves in the
Fig. 5, the time to attain temporal peak upsurges as the nondimensional parameter increases. It is observed from the Fig. 5 that,
an upsurge in β or M results upsurge in the T proﬁle. The reason behind
this augmentation is an escalation in the ﬂuid temperature implies an
upsurge in the motion of ﬂuid particles. The effective collision thus upsurges the motion of the ﬂuid temperature near to the hot plate owing
to decrease in the dynamic viscosity of the ﬂuid. Also, it is clear that, the
time-dependent temperature of the Newtonian ﬂuid (β = 0) is less
compared to the non-Newtonian couple stress ﬂuid (β N 0).
Fig. 6 presents the steady-state non-dimensional T proﬁles versus
the transverse coordinate for various values of β and M. These patterns
begin with the boundary value of T = 1 and then reduce to zero. It is
noted that, intensifying the β or M which ultimately results in rising
the temperature. It is also pointed out that the time-independent state
T curves have concurred with each other for different values of β as Y increases from 0 to 16. Therefore the effect of β on T curves has less impact
compared to the U curves mentioned in Fig. 4. This is true since the
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control parameters β appeared only in the momentum Eq. (11). Also,
the steady-state temperature proﬁles of Newtonian ﬂuids differ with
non-Newtonian couple stress ﬂuids.

heat generation parameter is written as [43]

Ns ¼

4.3. Friction and heat transport coefﬁcients
The momentum and heat transport coefﬁcients are signiﬁcant parameters in the heat
transfer studies due to their direct involvement in the convection.
For the current problem, the non-dimensional average momentum
and heat transport coefﬁcients are deﬁned as

∂T
∂Y

2

where Ω ¼

8
!2 9
 2
2
BrðGrÞ2 < ∂U
∂ U = BrðGrÞ2
MU 2
þ
þβ
þ
Ω : ∂Y
Ω
∂Y 2 ;

0

ð21Þ

0

ðT w −T ∞ Þ
0

T∞

is the non-dimensional temperature difference, and
0

the characteristic entropy heat generation is

0

kðT w −T ∞ Þ
0 2
T ∞2 l

2

. The Eq. (21) can

be rewritten in the following form
Cf ¼

Z1  
∂U
dX
∂Y Y¼0

ð18Þ

NS ¼ N1 þ N2 þ N3

ð22Þ

0

Z1 
Nu ¼ −
0

∂T
∂Y

2


ð19Þ

dX
Y¼0

The above coefﬁcients are calculated using 5-point approximation
and Newton–Cotes quadrature formulae.
Figs. 7–8 illustrate the average skin-friction and heat transport coefﬁcients against the time (t) covering various parametric values of β and

2

2

2

2

2

BrðGrÞ
2
∂T
∂U
∂ U
Þ , N2 ¼ BrðGrÞ
where N1 ¼ ð∂Y
Ω fð ∂Y Þ þ βð ∂Y 2 Þ g and N 2 ¼
Ω MU des-

ignate the irreversibility owing to heat transfer, ﬂuid friction (viscous
dissipation) and magnetic ﬁeld effect, respectively.
To assess the irreversibility distribution, the parameter Be (Bejan
number) is deﬁned as the ratio of entropy heat generation due to heat

M. Here, in this Fig. 7, at ﬁrst the C f increases with t, and after a certain
lapse of time, they become independent of time throughout the transient period. Also, it is seen that C f decreases with augmenting values
of β or M. This is true and this is in line with the time-dependent velocity
proﬁle mentioned in Fig. 3(a). Fig. 8 illustrates that, in the beginning
time, Nu decreases drastically, then slightly increasing and again
reaches the time independent-state. Also, it is noted that initially the Nu
curves coincided with each other and diverged after some time. More
clearly, these ﬁgures show that in the starting time the heat conduction
only occurs, and is dominant than the convection. Here it is perceived
that Nu decreases with augmenting values of β or M as presented in
Fig. 8, respectively. From the Fig. 7 it is identiﬁed that the average momentum transport coefﬁcient of a couple stress ﬂuid is less compared
to the Newtonian ﬂuid, and the same trend is noted for average heat
transport coefﬁcient which is shown in Fig. 8.
4.4. Entropy heat generation analysis and Bejan number
The entropy generation for couple stress ﬂuid per unit volume with
constant density given as [32,33,34,42]

Sgen ¼

k
0

T ∞2

0

∂T
∂y

!2

8
< μ ∂u2
η
þ
þ 0
:T 0∞ ∂y
T∞

!2 9
2
∂ u = σB20 u2
þ
0
∂y2 ;
T∞

ð20Þ

Eq. (20) can be rewritten as
Sgen ¼ S1 þ S2 þ S3

where S1 ¼

k ∂T 0 2
Þ ,
0 ð
T ∞2 ∂y

S2 ¼

μ ∂u 2
Þ
0 ð
T ∞ ∂y

þ

2
η ∂2 u
0 ð
2Þ ,
T ∞ ∂y

S3 ¼

σB20 u2
0

T∞

Here S1 signiﬁes the entropy generation produced by heat ﬂow, S2
denotes the entropy generation due to viscous dissipation for a constant
density couple stress ﬂuid and S3 signiﬁes the entropy generation due to
magnetic ﬁeld.
The non-dimensional entropy heat generation parameter Ns is deﬁned as the ratio of the volumetric entropy heat generation rate to the
characteristic entropy heat generation rate. Accordingly, the entropy

Fig. 11. Simulated steady-state Bejan proﬁle (Be) versus Y at X = 1.0 for distinct values of
(a) β and M; & (b) BrΩ−1 and Gr.
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transfer to the overall entropy heat production Eq. (22), and is given by
Be ¼

N1
N1 þ N2 þ N3

ð23Þ

From Eq. (23), it is understood that the Bejan number lies between 0
and 1 i.e. 0 ≤ Be ≤ 1. Consequently, Be = 0 reveals that the parameters N2
and N3 dominates the parameter N1, whereas Be = 1 indicates that the
parameter N1 dominates the parameters N2 and N3. It is obvious that at
Be = 0.5, the contribution of ﬂuid friction and magnetic ﬁeld in the entropy generation production is equal to irreversibility due to heat transfer i.e. N2 + N3 = N1.
The simulated time-independent dimensionless Ns proﬁle for different control parameters β, M, BrΩ− 1 and Gr along the transverse
direction at X = 1.0 are revealed in Fig. 9(a)–(b), respectively. It is
remarked that as the Y coordinate increases, the Ns curves drastically
increases and achieves the peak value, then suddenly decreases and
reaches monotonically to zero. Also, it is identiﬁed that the entropy
production gets thinner boundary layer for all values of control parameters. This is as a result of higher entropy production is observed
adjacent to the plate which yields thinner boundary layer. Fig.
9(a) represents the effect of β and M on Ns. From this plot, it is perceived that for augmenting values of β and M, the steady-state Ns
curves decreases near to the plate (i.e., in the interval Y ∈ [0, 3.6]),
then increases when Y N 3.6. This is because of reduction in the
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heat transport coefﬁcient near to tropical region causes decrease in
Ns (Refer Fig. 8). Also, from the Fig. 9(a) it is perceived that the entropy production near to the plate (i.e., 0 b Y b 2.78) for couple stress
ﬂuid is less in comparison with that of a Newtonian ﬂuid and the opposite tendency is seen when Y N 2.78. Fig. 9(b) reveals that the entropy increases in the vicinity of a hot plate, then it decreases
drastically, and approach to zero along the Y coordinate. It is also
noted that for augmenting values of BrΩ− 1 and Gr, the Ns curves increases. The reason behind this statement is, for larger values of
Grashof number or group parameter, the entropy production due
to the ﬂuid friction increases.
Fig. 10(a)–(d) represent the entropy lines for various values of couple stress parameter (β), group parameter (BrΩ−1), magnetic parameter (M) and Grashof number (Gr), respectively. Here in these ﬁgures it is
observed that the entropy lines occur in the neighbourhood of hot wall
plate for all values of control parameters. From Fig. 10(a), (b) and (d) it
is seen that, at any point of location (X, Y) the entropy contour value increases for increasing values of β, BrΩ−1 & Gr and the opposed trend is
noticed for values of M which is depicted in Fig. 10(c). Also, near the
leading edge of the plate the entropy contours show lower values for
β, M and Gr as compared to BrΩ−1. This is true since the entropy production is less for β, M and Gr near to leading edge of the plate as compared to BrΩ−1. Finally, it is noted that the deviation of entropy lines
from the hot plate is less for increasing values of β and M as compared
to Gr and BrΩ−1.

Fig. 12. Simulated steady-state Bejan lines (Be) for distinct values of (a) β; (b) BrΩ−1; (c) M; & (d) Gr.
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Fig. 11 demonstrates the time-independent state Be against the
transverse direction at X = 1.0 for various parameter values. The effects
of β, M, BrΩ−1 and Gr on Be are shown in Fig. 11(a)–(b), respectively.
Here in all these ﬁgures, the steady-state characteristics of Bejan number are almost similar to time-independent state entropy generation
(Ns) which is shown in the Fig. 9(a)–(b). Overall it is seen that the
steady-state Be decreases as β or M upsurges in the Y coordinate interval
i.e., Y ∈ (0,2.8) and the reverse trend is obtained when Y N 2.8. Also, the
time-independent state Be upsurges for increasing values of BrΩ−1 and
Gr. The important observation from these ﬁgures is, the steady-state entropy production is more than the Bejan number near the wall. This conﬁrms that smaller Be yields an increase in N2, i.e., N1 b N2 (Refer Eq. (23))
and thus irreversibility due to heat transfer is dominated by ﬂuid friction which gives more entropy production in the vicinity of plate. Also
from the Fig. 11(a) it is remarked that the Bejan number is high for
Newtonian ﬂuid compared to the couple stress ﬂuid.
Fig. 12(a)–(d) illustrate the Bejan lines for different values of β,
BrΩ−1, M and Gr, respectively. Here in all these ﬁgures the Bejan lines
have different trend for all control parameters as compared to entropy
lines which is shown in Fig. 10(a)–(d). It is observed that in the 2D rectangular coordinate system i.e. 0 b X ≤ 1, 0, 0 b Y ≤ 2, the Bejan lines have
more ﬂuctuation as compared to entropy lines. Further, in the vicinity of
the hot plate it is identiﬁed that, for all values of β, the Bejan lines are
adhering to the plate, whereas these lines tend to move away from

the plate for the control parameters M, Gr and BrΩ−1 as Y increases.
Also, the important observation from these ﬁgures is the Bejan lines
occur only in the proximity of the hot vertical plate. Finally, it is concluded that the Bejan lines move away from the hot wall for all increasing
values of control parameters.
4.5. Differences between couple stress and Newtonian ﬂuid ﬂows
Fig. 13 elucidates the ﬂow-ﬁeld variable contours for couple stress
and Newtonian ﬂuid ﬂows. Fig. 13(a) represents couple stress ﬂuid
and Fig. 13(b) for Newtonian ﬂuid. Here the velocity of the couple stress
ﬂuid ﬂow is observed to be less compared to the Newtonian ﬂuid ﬂow,
but with respect to the temperature the opposite trend is observed.
Also, the time independent state temperature contours for couple stress
ﬂuid are slightly different, with thicker temperature boundary layer,
from that of the Newtonian ﬂuid.
5. Concluding remarks
In this work, the entropy heat generation distribution for timedependent couple stress ﬂuid ﬂow past a vertical plate is discussed numerically. The ﬁnite difference method is applied to solve the mathematical ﬂow-ﬁeld equations with the aid of Thomas and
pentadiagonal algorithms. The entropy heat generation and Bejan number distributions are derived and evaluated with the help of ﬂow variables. The inﬂuences of couple stress and magnetic ﬁeld parameter on
ﬂow distributions along with average heat and momentum transport
coefﬁcients are discussed. Further, the effect of couple stress parameter,
magnetic parameter, group parameter and Grashof number on entropy
heat generation and Bejan number are analyzed. Also, results from this
article could be useful for experimental studies which are related to
blood ﬂows, colloidal solutions, lubrication theory, seawater propulsion,
energy minimization etc. Few important conclusions are listed below:
1. The time taken to achieve the steady-state ampliﬁes for the augmenting values of couple stress parameter and magnetic parameter.
2. The velocity decreases and temperature increases with rising values
of β or M. Also C f and Nu decreases with augmenting values of β or
M.
3. Entropy heat generation parameter and Bejan number decrease for
cumulative values of β or M. While the trend is inverted for Grashof
number and group parameter.
4. The transient and steady-state results of ﬂow variables, average heat
and momentum transport coefﬁcients for non-Newtonian couple
stress ﬂuid differs with Newtonian ﬂuids.
5. The entropy and Bejan contour value decreases for increasing values
of β and BrΩ−1.
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