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Entropy generation in hydromagnetic nanofluid flow over a non-linear
stretching sheet with Navier’s velocity slip and convective heat transfer
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The intention behind carrying out this research work is to investigate the unsteady hydromagnetic
boundary layer flow of a thermally radiating nanofluid past a non-linear stretching sheet embedded in
a porous medium in the presence of an externally applied magnetic field along with Navier’s velocity
slip. The governing partial differential equations, defining the flow regime, are transformed into a
system of ordinary differential equations by employing suitable similarity transformation. Optimal
Homotopy Analysis Method has been incorporated in order to solve the converted non-linear coupled
equations. The impact of several regulatory flow parameters on the temperature, velocity, and nanopar-
ticle concentration are explained via graphs, while the variation of some useful engineering quantities
such as the Nusselt number, skin friction co-efficient, and Sherwood number are interpreted through
tabular values. An analysis regarding entropy generation of the system is also presented. Furthermore,
on the numeric data of the skin friction coefficient and Nusselt number, a linear and quadratic multiple
linear regression analysis has also been performed. The findings of the present analysis reveal that the
velocity slip, unsteadiness and the nonlinearity of the stretching velocity lead to a fall in the velocity
profile of the nanofluid. Published by AIP Publishing. https://doi.org/10.1063/1.5054099

I. INTRODUCTION

Nanofluids are the kind of fluids that contain small vol-
umetric quantities of nanometer-sized (10−9–10−7m) metallic
(Fe, Ag, Au, Cu, Ti, Hg, etc.) or non-metallic particles (CuO,
Al2O3, TiO2, SiO2, etc.), known as nanoparticles. Nanoflu-
ids are generally colloidal suspensions of nanoparticles within
a base fluid like oil, ethylene glycol, water, etc. The term
“nanofluid” was first introduced by Choi.1 In general, nanoflu-
ids commonly contain up to 5% volume fraction of nanoparti-
cles which enhances the rate of effective heat transfer. This is
why in modern technologies and engineering fields, nanofluids
find a prodigious significance. The nanometer-sized materi-
als possess unique chemical and physical properties. Without
getting clogged, nanoparticles can flow in a very smooth way
through micro-channels as they are tiny, which is almost close
to that of liquid molecules. It has been found that the existence
of nanoparticles leads to an increment of 15–40% in the ther-
mal conductivity of the base fluid. Enhancement of thermal
conductivity in such a magnitude cannot be solely attributed
to the higher thermal conductivity of the added nanoparticles.
Some other properties like volume fraction, particle agglomer-
ation, thermophoresis, Brownian motion, surface area, particle
shape, etc., must be attributed for an improved performance
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of the nanofluid. Because of plentiful noteworthy applications
in various industrial and scientific fields such as geothermal
energy extraction, fiber glass, hot rolling, manufacture of rub-
ber and plastic sheets, etc., the investigation concerning the
boundary layer nanofluid flow has found an immense impor-
tance in the fluid dynamics fraternity. Mushtaq et al.2 have
executed a numerical analysis to study the rotating flow of
nanofluids caused by an exponentially stretching sheet. Mag-
netohydrodynamic (MHD) convective flow of nanofluids over
a stretching sheet in a porous media considering heat gen-
eration/absorption was discussed by Reddy and Chamkha.3

Shit et al.4 explained the mechanism of entropy generation in
a hydromagnetic nanofluid flow with convective heat trans-
fer. Recently, Gireesha et al.5 presented a two-phase transient
nanofluid flow over a stretching sheet taking the Hall effect
into account using the Kirchhoff’s Voltage Law (KVL) model.
MHD mixed convection stagnation point flow and heat transfer
of nanofluid over an inclined stretching sheet with chemi-
cal reaction and thermal radiation was investigated by Gupta
et al.6 The influences of feedback control and internal heat
source on the onset of Rayleigh-Bénard convection in a hori-
zontal nanofluid layer in the presence of both Soret and Dufuor
effects were studied by Mokhtar et al.7 Some other noteworthy
research investigations in this context are due to Joshi et al.,8

Liu et al.,9 Ghalambaz et al.,10 Zaraki et al.,11 Noghrehabadi
et al.,12 Zargartalebi et al.13 and Turkyilmazoglu.14

Because of manifold applications in different scien-
tific and industrial sectors, the fluid flow problems over a
stretching surface have become one of the important research

1070-6631/2018/30(12)/122003/15/$30.00 30, 122003-1 Published by AIP Publishing.

https://doi.org/10.1063/1.5054099
https://doi.org/10.1063/1.5054099
https://doi.org/10.1063/1.5054099
mailto:gsseth_ism@yahoo.com
mailto:gsseth_ism@yahoo.com
mailto:arnab.ism1611@gmail.com
mailto:rajprsd.ismdhn1612@gmail.com
mailto:achamkha@yahoo.com
http://crossmark.crossref.org/dialog/?doi=10.1063/1.5054099&domain=pdf&date_stamp=2018-12-21


122003-2 Seth et al. Phys. Fluids 30, 122003 (2018)

areas nowadays. Some of the useful utilization of this kind
of investigation includes manufacture of plastic and rubber
sheets, glass-fiber production, melt-spinning, cooling of metal-
lic plates, etc. The pioneering attempt in this ground was due
to Sakiadis15 who investigated the hydromagnetic flow past a
solid surface that moves with a uniform velocity. The behav-
ior of two-dimensional MHD flow induced by a continuously
deforming surface was studied by Crane.16 He assumed that the
surface deforms linearly with distance from the origin. Later,
Gupta and Gupta17 made an extension of Crane’s16 work and
analyzed the boundary layer flow along with mass and heat
transfer past a stretching sheet considering the impact of suc-
tion or blowing. Magyari and Keller18 described mass and heat
transfer characteristics in the boundary layer for an exponen-
tially stretching continuous surface. Consequences of viscous
dissipation on the thermal boundary layer past a nonlinear
stretching surface were inspected by Cortell.19 Some of the
other relevant research investigations are done by Vajravelu,20

Khan and Pop,21 Makinde and Aziz,22 Rana and Bhargava,23

Ghalambaz et al.,24 Noghrehabadi et al.,25 etc.
The aforementioned literature are restricted to steady

flows only. But from the practical point of view, when there
is a sudden rise or fall in the temperature of the surface, the
flow induced is not steady in nature. Moreover, an impulsive
stretching of the surface is also equally responsible for the
induction of an unsteady fluid flow. Andersson et al.26 explored
a model for unsteady power-law fluid flow over a stretching
surface. Hayat et al.27 inspected three-dimensional unsteady
MHD flow with Joule heating and viscous dissipation. Other
remarkable research revealing the flow behavior in unsteady
condition are due to Refs. 28–31.

All the research articles mentioned above do not include
the condition of slip velocity, i.e., the authors have assumed
that there is no relative velocity between the fluid molecules
and the surface. However, several theoretical and numeri-
cal investigations have confirmed that between the solid-fluid
interfaces, there exists a slip velocity. Navier32 examined that
there exists a linear proportionality between the slip velocity
and the shear stress at the wall. Seth and Mishra33 investigated
unsteady hydromagnetic nanofluid flow with Navier’s slip
boundary condition past a non-linear stretching sheet. Other
relevant analysis belonging to this background is mentioned
in Refs. 34–37.

Fluid flow through porous media finds notable applica-
tions in different areas such as material processing, geother-
mal energy, oil recovery, fuel cell technologies, trickle bed
chromatography, etc. Mutual impact of mass and heat trans-
fer in the boundary layer nanofluid flows through a porous
medium with the existence of external magnetic field is con-
sidered to be an efficient way to improve the thermal per-
formance. Due to such a worth, Chamkha et al.38 studied
the free convection flow from an inclined plate saturated
in a porous medium of variable porosity due to solar radi-
ation. Khan and Aziz39 described double-diffusion natural
convection boundary layer nanofluid flow past a vertical plate
embedded in a porous medium. Oyelakin et al.40 investigated
unsteady Casson nanofluid flow over a stretching sheet taking
into account the slip boundary condition and thermal radia-
tion. Rashidi et al.41 analyzed MHD stagnation point flow of

micropolar nanofluids between parallel porous plates with
uniform blowing.

It is a very well-known fact that during any thermal pro-
cess, the level of irreversibilities that occur is measured by
means of entropy generation. In various industrial and engi-
neering sectors, the phenomena of heating and cooling are
of huge importance in different energy and electronic equip-
ments. For this reason, the optimization of entropy production
with an aim to prevent any irreversibility loss, which can
affect the performance of a particular system, is very nec-
essary. In view of its significance, Bejan42,43 first defined a
number, known as the Bejan number (Be) which is the rela-
tive measure of thermal irreversibility to the total loss of heat
due to fluid frictional factors. In case of an unsteady magneto-
hydrodynamic nanofluid flow past an accelerating permeable
stretching sheet, the inspection for the generation of entropy
was carried out by Abolbashari et al.44 Study of entropy gen-
eration in a variable viscosity channel flow of nanofluids with
convective cooling mechanism was performed by Mkwizu and
Makinde.45 Some of the other significant studies regarding
entropy generation are due to Ting et al.,46 Qing et al.,47 Butt
et al.,48 and Seth et al.49

Being inspired by the abovementioned fruitful investi-
gations, we are hereby having an aim to unfold the char-
acteristics of unsteady nanofluid flow over a non-linearly
stretching sheet embedded in a porous medium considering
Navier’s velocity slip and the convective boundary condi-
tion. The influence of Brownian motion and thermophore-
sis along with the nanoparticle volume fraction has also
been discussed. A brief description about the entropy gen-
eration of the system is presented. A rigorous review of
previously published research articles reveals that no such
attempt has been made earlier although the fertility of thoughts
and the phenomena explained in the present work can be
expected to lead to extremely productive interactions across
disciplines.

II. DEVELOPMENT OF THE PROBLEM

Let us consider an unsteady two-dimensional flow of an
electro-conducting, viscous, incompressible, optically thick,
and thermally radiating nanofluid past a horizontal non-linear
stretching sheet embedded in a porous medium. The flow is
being restricted in the domain y ≥ 0, where y represents the
coordinate axis chosen in the direction normal to the stretching
sheet while the alignment of x axis is taken along the sheet.
The fluid flow is induced by an uninterrupted elongation of
the sheet which is being stretched with a time dependent non-
linear velocity uw(x, t) = axn

(1−λt) by the application of a force
keeping the origin fixed, where a, n, and λ are, respectively, a
constant, a non-linear stretching index, and a constant having a
dimension reciprocal of time. The sheet is being convectively
heated with temperature T f , which is fluid temperature at the
bottom of the sheet. A uniform transverse magnetic field of
intensity B0 is imposed in the perpendicular direction to the
sheet. A physical sketch depicting the coordinate system along
with the configuration of the model is presented in Fig. 1.

We have made the following assumptions in the present
investigation:



122003-3 Seth et al. Phys. Fluids 30, 122003 (2018)

FIG. 1. Schematic diagram of the problem.

1. A state of thermal equilibrium is maintained between
the nanoparticles and the base fluid. Combined effects of
Brownian motion and thermophoresis of nanoparticles
are incorporated in the present model.

2. The size of nanoparticles is small as compared to the size
of the pores.

3. The magnetic Reynolds number is very small, and so
the effect of magnetic field induced by the fluid flow is
neglected.

4. The effect of polarization is also ignored due to the
absence of any externally applied electric field.

5. The energy dissipation due to the effects of the viscosity
of the fluid, permeability, and the applied magnetic field
have been taken into consideration.

Making the implementation of Oberbeck-Boussinesq
approximation in the boundary layer, the governing flow equa-
tions representing the physical model considered above are
given as4,22,33

∂u
∂x

+
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∂y
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+u
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∂C
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∂2C
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DT
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∂y2
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where u and 3 represent the components of velocity along x
and y directions, respectively, p stands for the fluid pressure,
T represents the temperature of the fluid, C is the nanopar-
ticle volume fraction, µnf , νnf , and ρnf denote the dynamic
coefficient of viscosity, the kinematic coefficient of viscosity,
and the density of the nanofluid, respectively, kp is the perme-
ability of the porous medium, σ is the electrical conductivity

of the nanofluid, αnf =
knf

(ρcp)nf
indicates the thermal diffusiv-

ity of the nanofluid where knf is the thermal conductivity of
the nanofluid and (ρcp)nf stands for the heat capacity of the
nanofluid, cp specifies the specific heat at constant pressure,

qr symbolizes the radiative heat flux, τ =
(ρc)p

(ρcp)nf
signifies the

ratio between the effective heat capacity of the nanoparticle
material and the heat capacity of the nanofluid, DT denotes
the thermophoretic diffusion coefficient, and DB indicates the
Brownian diffusion coefficient.

The associated boundary conditions for the considered
flow model are

u = uw + uslip =
axn

(1 − λt)
+ N

∂u
∂y

, v = 0,

−knf
∂T
∂y
= hf (Tf − T ), C = Cw at y = 0, (6)

u→ 0, T → T∞, C → C∞ as y → ∞, (7)

where N represents the Navier’s velocity slip factor, C4

denotes the concentration of nanoparticles at the surface of
the sheet, T∞ and C∞ are, respectively, temperature and con-
centration at the free stream which is far away from the surface,
and hf is the convective heat transfer coefficient.

The contribution of thermal radiative heat flux qr is based
on the Rosseland approximation. The Rosseland approxima-
tion requires that the medium be optically dense and the
radiation travels only a short distance before being scat-
tered or absorbed. Therefore, a simplified model for the
Radiative Transfer Equation (RTE) based on the Rosseland
approximation50–52 is given as

qr = −
4σ∗

3k∗
∂T4

∂y
= −

16σ∗

3k∗
T3 ∂T4

∂y
, (8)

where k∗(m−1) indicates the coefficient of mean absorption
andσ∗(=5.67× 10−8 W/m2 K4) denotes the Stefan-Boltzmann
constant.

The energy equation (4), with the help of Eq. (8), is
modified into

∂T
∂t

+ u
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+ v
∂T
∂y
=

∂

∂y

[(
αnf +

16σ∗T3
∞

3k∗ρnf cp
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+ τ
[
DB

∂C
∂y

∂T
∂y

+
DT
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)2]

+
νnf
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( ∂u
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)2
+
σB2

0

ρnf cp
u2 +

νnf

kpcp
u2. (9)

Equation (3) reveals that being a constant function of
x within the boundary layer region, the pressure p does not
change in the direction vertical to the flow. Since there is no
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viscous effect at the outside of the boundary layer, we can
obtain the pressure distribution from the Euler form of the
momentum equation as

∂U∞
∂t

+ U∞
∂U∞
∂x
= −

1
ρnf

∂p
∂x

, (10)

where U∞ represents the velocity of the flow far from the
boundary layer.

However, condition (7) implies that the velocity outside
the boundary layer is u = U∞→ 0, which leads to − 1

ρnf

∂p
∂x = 0.

Under the abovementioned consideration, Eq. (2) is
reduced to

ρnf

( ∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

)
= µnf

∂2u

∂y2
− σB2

0u −
µnf

kp
u. (11)

To deal with the mathematical analysis in a more simple
way, i.e., to bring down the difficulty of solving the governing
equations, the following similarity transformations have been
introduced:

η = y

√
uw(x, t)
νnf x

, ψ =
√
νnf xuw(x, t)f (η), (12)

where η, ψ, θ, and φ are, respectively, the similarity variable
and the dimensionless stream functions defined by u = ∂ψ

∂y and

v = −
∂ψ
∂x satisfying the continuity equation (1).

We define non-dimensional concentration and tempera-
ture φ(η) and θ(η) as

φ(η) =
C − C∞

Cw − C∞
, θ(η) =

T − T∞
Tf − T∞

with
T = T∞[1 + (θw − 1)θ(η)], (13)

where θ4 = T f /T∞ (T f > T∞) is defined as the temperature
ratio parameter.

The non-dimensional velocity components take the form
as

u(x, t) = uw(x, t)
df
dη

and

v(x, t) = −

√
uw(x, t)νnf

x

(n + 1
2

f (η) +
n − 1

2
η

df
dη

)
. (14)

Also, we consider the time dependent velocity slip factor
as follows:

N(x, t) = N1

( xn−1

1 − λt

)−1/2
, (15)

where N1 is the initial velocity slip factor.
Now incorporating (13), (14), and (15), Eqs. (11), (9),

and (5) are converted into

f ′′′ +
n + 1

2
ff ′′ − nf ′2 − (M + K)f ′ − A

(
f ′ +

η

2
f ′′

)
= 0,

(16)
[(
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(
1 + (θw − 1)θ

)3)
θ ′

] ′

+ Pr
(n + 1

2
f −

A
2
η + Nbφ′ + Ntθ ′

)
θ ′

+ Br
[
f ′′2 + (M + K)f ′2

]
= 0, (17)

φ′′ + Sc
(n + 1

2
f −

A
2
η
)
φ′ +

Nt
Nb

θ ′′ = 0, (18)

and the corresponding boundary conditions (6) and (7) become

f (η) = 0, f ′ = 1 + γf ′′,

θ ′ = −Bi(1 − θ(η)), φ(η) = 1 at η = 0, (19)

f ′ → 0, θ(η)→ 0, φ(η)→ 0 as η → ∞, (20)

where M = σx
ρnf uw

B2
0 stands for the local magnetic parameter,

K =
νnf x
kpuw

represents the local porous permeability parameter,

A = λ
axn−1 denotes the local unsteadiness parameter, Pr =

νnf

αnf

designates the Prandtl number and Rd =
16σ∗T3

∞

3k∗knf
symbol-

izes the thermal radiation parameter, Nt = τDT
T∞

(Tw−T∞)
νnf

is the

thermophoresis parameter, Nb = τDB(Cw−C∞)
νnf

represents the

Brownian motion parameter, Sc =
νnf

DB
stands for the Schmidt

number, Br = Pr · Ec signifies the Brinkman number with

Ec = u2
w

cp(Tw−T∞) as the Eckert number, γ = N1(a/νnf )1/2 rep-

resents the velocity slip parameter, and Bi =
hf

knf

√
νnf x
uw

is the

Biot number.

A. Physical quantities of engineering interests

From the engineering and practical point of view,
the exploration of some physical quantities, i.e., the non-
dimensional local skin friction coefficient Cf x, the local Nus-
selt number Nux, and the local Sherwood number Shx have
enormous significance. These physical entities are defined as

Cfx =
τw

ρnf u2
w(x, t)

, Nux =
xqw

knf (Tf − T∞)
,

and
Shx =

xqm

DB(Cw − C∞)
, (21)

where τ4 signifies the wall skin friction, q4 stands for the wall
heat flux, and qm designates the mass flux from the surface,
which are given by

τw = µnf

(
∂u
∂y

)
y=0

,

qw = −knf

(
∂T
∂y

)
y=0

+ (qr)w ,

qm = −DB

(
∂C
∂y

)
y=0

.

(22)

Now, making use of the similarity variables in (21) and
converting into non-dimensional forms, we obtain

CfxRe1/2
x = f ′′(0),

NxRe−1/2
x = −

(
1 + Rdθ

3
w

)
θ ′(0),

ShxRe−1/2
x = −φ′(0),

(23)

where Rex =
uw (x,t)x
νnf

denotes the local Reynolds number.

III. ENTROPY GENERATION

Study of entropy generation is quite imperative to have an
idea about the irreversibility of thermal energy of a particular
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system. In most of the industrial and engineering processes,
entropy production leads to destruction of the available energy
in the system. Thus entropy generation performs a vital job
in determining the performance of thermal machines such
as heat engines, power plants, heat pumps, refrigerators, and
air conditioners. Due to this immense importance, it is quite
essential to find the rate of entropy generated for a system
with an objective to optimize the energy in the system for
efficient operation. Now, from the second law of thermody-
namics, the expression for the entropy generation of the system
dealing with unsteady hydromagnetic nanofluid flow in the
presence thermal radiation, viscous, and Joule dissipations is
given by53

EG =
knf

T2
∞

[( ∂T
∂y

)2
+

16σ∗T3
∞

3k∗knf

( ∂T
∂y

)2]
+

DB

C∞

( ∂φ
∂y

)2

+
DB

T∞

( ∂T
∂y

) ( ∂φ
∂y

)
+
µnf

T∞

( ∂u
∂y

)2
+

( µnf

kpT∞
+
σB2

0

T∞

)
u2,

(24)

where the first term that appears on the RHS of Eq. (24)
represents the irreversibility of the system because of heat
transfer and the entropy production as a result of the
mass transfer of the nanoparticles as well as their inter-
actions with the base fluid are designated by the sec-
ond and third terms, respectively. The fourth and the last
terms stand for the entropy generation because of the
energy dissipation due to the fluid viscosity, the permeabil-
ity of the medium and the applied magnetic field, respec-
tively.

The dimensionless expression for entropy generation can
be acquired with the help of the following relation

NS =
T2
∞(y/η)2

knf (Tf − T∞)2
EG. (25)

Making use of Eq. (25) in Eq. (24), we obtain

NS = NHT + NMT + NPM

= (1 + Rd)θ ′2 + λ
[ ε

Ω2
φ′2 +

1
Ω
θ ′φ′

]

+
Br
Ω

[
f ′′2 + (M + K)f ′2

]
, (26)

where NS is the total entropy generation of the system, NHT

= (1 + Rd)θ ′2 represents the generation of entropy due to heat
transfer including thermal radiation, NMT = λ

[
ε
Ω2 φ

′2 + 1
Ω
θ ′φ′

]

denotes the entropy production as a consequence of mass
transfer, NPM =

Br
Ω

[
f ′′2 + (M + K)f ′2

]
signifies the entropy

generation on account of the fluid friction including the influ-
ence of magnetic field and porous permeability, Ω =

Tf −T∞
T∞

refers to the dimensionless temperature difference parame-
ter, ε = φw−φ∞

φ∞
implies the non-dimensional nanoparticle

concentration parameter, and λ =
DB(φw−φ∞)

knf
stands for the

nanoparticle mass transfer parameter.
In this context, the evaluation of the Bejan number (Be)

is one of the most important tasks in order to study the irre-
versibility of heat transfer and the fluid flow process. It is given
by

Be =
NHT

NS
=

NHT

NHT + NMT + NPM
=

The entropy generation because of thermal irreversibility
The total entropy generation

. (27)

From Eq. (27), it is quite obvious that the values of
the Bejan number lie between 0 and 1, i.e., 0 ≤ Be ≤ 1.
Hence, the case Be = 0 signifies that the parameters NMT

and NPM dominate over the parameter NHT , which means
that the heat transfer irreversibility is dominated by the com-
bined effect of the mass transfer irreversibility and the fluid
friction irreversibility due to the magnetic field and porous
permeability, whereas Be = 1 stands for the situation when
the parameter NHT dominates over the parameters NMT and
NPM . It is very much understandable that Be = 0.5 rep-
resents the scenario when the contribution of heat transfer
irreversibility to the total entropy generation becomes equal
to the total contribution of the mass transfer irreversibil-
ity and the fluid friction irreversibility to the total entropy
generation.

IV. SOLUTION METHODOLOGY

The system of ordinary differential equations (16)–(18),
being coupled and non-linear in nature, restricts us to find

an exact solution in closed form. In such scenarios, there-
fore, a numerical or analytical approach is worth implement-
ing to possess an approximate solution of desired accuracy.
However, to have an analytical solution of the present prob-
lem, we have employed optimal homotopy analysis method
(OHAM).

A. Optimal homotopy analysis method (OHAM)

The optimal homotopy analysis method (OHAM) was
proposed by Liao.54 In the first step of OHAM, we
are mainly focused on finding a set of base functions
to express the solutions of the problem under consid-
eration. Since in our problem the boundary layer flows
are decaying exponentially at infinity, we assume that
f (η), θ(η), and φ(η) can be expressed by a set of base
functions

{ηiexp(−jη) | i ≥ 0, k ≥ 0} (28)

in the form



122003-6 Seth et al. Phys. Fluids 30, 122003 (2018)

f (η) = a0,0 +
+∞∑
i=0

+∞∑
j=1

ai,jη
iexp(−jη),

θ(η) =
+∞∑
i=0

+∞∑
j=0

bi,jη
iexp(−jη),

φ(η) =
+∞∑
i=0

+∞∑
j=0

ci,jη
iexp(−jη),

(29)

where ai ,j, bi ,j, and ci ,j are constant coefficients. Equation (29)
represents the solution expressions for f (η), θ(η), and φ(η),
which provide us a guide for the choice of initial guesses and
the auxiliary linear operators, and thus play an important role
in OHAM.

Keeping in mind the boundary conditions (19) and (20)
along with the solution expressions defined by (29), we take
initial guesses f 0(η),θ0(η), and φ0(η) as follows:

f0(η) =
1

1 + γ
(1 − exp(−η)),

θ0(η) =
Bi

1 + Bi
exp(−η),

and
φ0(η) = exp(−η). (30)

The auxiliary linear operatorsLf (f ),Lθ (θ), andLφ(φ) are
chosen as

Lf (f ) =
d3f

dη3
−

df
dη

,

Lθ (θ) =
d2θ

dη2
− θ,

and

Lφ(φ) =
d2φ

dη2
− φ (31)

satisfying the following properties:

Lf [Γ1 + Γ2exp(−η) + Γ3exp(η)] = 0,

Lθ [Γ4exp(−η) + Γ5exp(η)] = 0,

Lφ[Γ6exp(−η) + Γ7exp(η)] = 0,

(32)

in which Γi (i = 1–7) are constants.

1. Zeroth-order deformation systems

The relevant zeroth-order deformation equations are

(1 − p̆)Lf

[
f̂ (η; p̆) − f0(η)

]
= p̆~f Nf

[
f̂ (η; p̆)

]
, (33)

(1 − p̆)Lθ
[
θ̂(η; p̆) − θ0(η)

]

= p̆~θNθ

[
f̂ (η; p̆), θ̂(η; p̆), φ̂(η; p̆)

]
, (34)

(1 − p̆)Lφ
[
φ̂(η; p̆) − φ0(η)

]

= p̆~φNφ

[
f̂ (η; p̆), θ̂(η; p̆), φ̂(η; p̆)

]
, (35)

subject to the following boundary conditions:

f̂ (0; p̆) = 0, f̂ ′(0; p̆) = 1 + γ ˆf ′′(0; p̆),
and

f̂ ′(η; p̆)→ 0 as η → ∞,

θ̂ ′(0; p̆) = −Bi(1 − θ̂(0; p̆)) and θ̂(η; p̆) = 0 as η → ∞,

φ̂(0; p̆) = 1 and φ̂(η; p̆) = 0 as η → ∞, (36)

where p̆ ∈ [0,1] denotes the embedding parameter and
(~f , ~θ , ~φ) are the convergence control parameters whereas
(Nf ,Nθ ,Nφ) represents the non-linear operators given
below,

Nf

[
f̂ (η; p̆)

]
=
∂3 f̂ (η; p̆)

∂η3
+

n + 1
2

f̂ (η; p̆)
∂2 f̂ (η; p̆)

∂η2

− n
( ∂ f̂ (η; p̆)

∂η

)2
− (M + K)

∂ f̂ (η; p̆)
∂η

−A
[ ∂ f̂ (η; p̆)

∂η
+
η

2
∂2 f̂ (η; p̆)

∂η2

]
, (37)

Nθ

[
f̂ (η; p̆), θ̂(η; p̆), φ̂(η; p̆)

]
= (1 + Rd)

∂2 θ̂(η; p̆)

∂η2
Rd

[
(θw − 1)3

(
3(θ̂(η; p̆))2

( ∂θ̂(η; p̆)
∂η

)2
+ (θ̂(η; p̆))3 ∂

2 θ̂(η; p̆)

∂η2

)
+ 3(θw − 1)2

(
2θ̂(η; p̆)

( ∂θ̂(η; p̆)
∂η

)2
+ (θ̂(η; p̆))2 ∂

2 θ̂(η; p̆)

∂η2

)
+ 3(θw − 1)

(( ∂θ̂(η; p̆)
∂η

)2

+ θ̂(η; p̆)
∂2 θ̂(η; p̆)

∂η2

)]
+

n + 1
2

Prf̂ (η; p̆)
∂θ̂(η; p̆)
∂η

− Pr
A
2
η
∂θ̂(η; p̆)
∂η

+ PrNb
∂φ̂(η; p̆)
∂η

∂θ̂(η; p̆)
∂η

+ PrNt
( ∂θ̂(η; p̆)

∂η

)2
+ Br

[( ∂2 f̂ (η; p̆)

∂η2

)2
+ (M + K)

( ∂ f̂ (η; p̆)
∂η

)2]
, (38)

Nφ

[
f̂ (η; p̆), θ̂(η; p̆), φ̂(η; p̆)

]

=
∂2φ̂(η; p̆)

∂η2
+

Nt
Nb

∂2 θ̂(η; p̆)

∂η2

+ Sc
[ n + 1

2
f̂ (η; p̆) −

A
2
η

] ∂φ̂(η; p̆)
∂η

. (39)

2. m-order deformation systems

Differentiating m-times the zeroth-order deformation
equations (33)–(35) with respect to p̆, then dividing by m!, and
setting p̆ = 0, we obtain the following mth order deformation
systems:
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Lf

[
fm(η) − χmfm−1(η)

]
= ~f Rf

m(η), (40)

Lθ
[
θm(η) − χmθm−1(η)

]
= ~θRθ

m(η), (41)

Lφ
[
φm(η) − χmφm−1(η)

]
= ~φRφ

m(η), (42)

and the respective boundary conditions are

fm(0) = 0, f ′m(0) = γf ′′m (0) and f ′m(η)→ 0 as η → ∞,

θ ′m(0) = Bi θm(0), and θm(η)→ 0 as η → ∞,

φm(0) = 0, and φm(η)→ 0 as η → ∞,
(43)

where

Rf
m(η) = f ′′′m−1 +

n + 1
2

m−1∑
k=0

fm−1−k f ′′k − n
m−1∑
k=0

f ′m−1−k f ′k − (M + K)f ′m−1 − A
(
f ′m−1 +

η

2
f ′′m−1

)
, (44)

Rθ
m(η) = (1 + Rd)θ ′′m−1 + Rd

m−1∑
k=0

[
(θw − 1)3θm−1−k

k∑
l=0

θk−l

l∑
s=0

(3θ ′l−sθ
′
s + θl−sθ

′′
s ) + 3(θw − 1)2θm−1−k

k∑
l=0

θk−1(2θ ′k−lθ
′
l + θk−lθ

′′
l )

+ 3(θw − 1)(θ ′m−1−kθ
′
k + θm−1−kθ

′′
k )

]
+

n + 1
2

Pr
m−1∑
k=0

fm−1−kθ
′
k − Pr

Aη
2
θ ′m−1 + PrNb

m−1∑
k=0

θ ′m−1−kφ
′
k + PrNt

m−1∑
k=0

θ ′m−1−kθ
′
k

+ Br
m−1∑
k=0

f ′′m−1−k f ′′k + Br(M + K)
m−1∑
k=0

f ′m−1−k f ′k , (45)

Rφ
m(η) = φ′′m−1 +

n + 1
2

Sc
m−1∑
k=0

fm−1−kφ
′
k − Sc

Aη
2
φ′m−1

+
Nt
Nb

θ ′′m−1, (46)

and

χm =

{
0, m ≤ 1
1, m > 1

.

Now for p̆ = 0 and p̆ = 1, we can write

f̂ (η; 0) = f0(η), θ̂(η; 0) = θ0(η), φ̂(η; 0) = φ0(η)

and

f̂ (η; 1) = f (η), θ̂(η; 1) = θ(η), φ̂(η; 1) = φ(η). (47)

When p̆ increases from 0 to 1, then f̂ (η; p̆), θ̂(η; p̆) and φ̂(η; p̆)
vary from the initial solutions f 0(η), θ0(η), and φ0(η) to
the desired solutions f (η), θ(η), and φ(η), respectively. The
solutions can be written through Taylor’s series as follows:

f̂ (η; p̆) = f0(η) +
∞∑

m=1

fm(η)p̆m

with

fm(η) =
1

m!
∂m f̂ (η; p̆)
∂p̆m

�����p̆=0
, (48)

θ̂(η; p̆) = θ0(η) +
∞∑

m=1

θm(η)p̆m

with

θm(η) =
1

m!
∂m θ̂(η; p̆)
∂p̆m

�����p̆=0
, (49)

φ̂(η; p̆) = φ0(η) +
∞∑

m=1

φm(η)p̆m

with

φm(η) =
1

m!
∂m φ̂(η; p̆)
∂p̆m

�����p̆=0
. (50)

The series of f, θ, and φ are convergent for p̆ = 1, and thus,

f (η) = f0(η) +
∞∑

m=1

fm(η), (51)

θ(η) = θ0(η) +
∞∑

m=1

θm(η), (52)

φ(η) = φ0(η) +
∞∑

m=1

φm(η). (53)

In terms of special functions (f ∗m, θ∗m, φ∗m), the general solutions
(f m, θm, φm) of Eqs. (40)–(42) are

fm(η) = f ∗m(η) + Γ1 + Γ2exp(−η) + Γ3exp(η), (54)

θm(η) = θ∗m(η) + Γ4exp(−η) + Γ5exp(η), (55)

φm(η) = φ∗m(η) + Γ6exp(−η) + Γ7exp(η). (56)

Now, in OHAM, the mth order averaged squared residual errors
are defined as

ε
f
m =

1
K + 1

K∑
j=0

[
Nf

( m∑
i=0

f̂i(ηj)
]2

, (57)

εθm =
1

K + 1

K∑
j=0

[
Nθ

( m∑
i=0

f̂i(ηj),
m∑

i=0

θ̂i(ηj),
m∑

i=0

φ̂i(ηj)
)]2

,

(58)

ε
φ
m =

1
K + 1

K∑
j=0

[
Nφ

( m∑
i=0

f̂i(ηj),
m∑

i=0

θ̂i(ηj),
m∑

i=0

φ̂i(ηj)
)]2

,

(59)

where K represents the number of discrete points of the non-
dimensional coordinate axis η, ηj = jδη, and δη = ηmax

K+1 . For
our problem, the value of ηmax is chosen as ηmax = 8.



122003-8 Seth et al. Phys. Fluids 30, 122003 (2018)

TABLE I. Total averaged squared residual errors along with the CPU time at
different orders of approximations.

m ~f ~θ ~φ εt
m CPU time (s)

2 �0.556 569 �1.531 95 �1.037 10 0.005 771 22 11.1464
4 �0.518 020 �1.492 44 �1.028 69 0.000 444 044 46.2204
6 �0.515 904 �1.454 56 �1.045 51 0.000 113 409 263.811
8 �0.516 992 �1.391 85 �1.031 82 0.000 045 343 3 1014.35

TABLE II. Individual averaged residual errors with the total CPU time for
optimal convergence control variables from Table I at m = 8.

m ε
f
m εθm ε

φ
m CPU time (s)

2 0.004 253 13 0.000 279 281 0.001 819 89 2.687 63
4 0.000 191 104 0.000 062 505 8 0.000 194 724 10.234 9
6 0.000 017 717 3 0.000 023 486 3 0.000 073 295 7 25.404 6
8 3.138 46 × 10�6 9.925 68 × 10�6 0.000 032 275 8 51.427 5
10 7.715 55 × 10�7 4.673 31 × 10�6 0.000 014 237 8 79.489 3

Now following Liao,54 the total average squared residual
error εt

m at the mth order of approximation is given by

εt
m = ε

f
m + εθm + εφm. (60)

The values of total averaged squared residual errors with
respect to optimal convergence control parameters at differ-
ent orders of approximations are presented in Table I. Also
the individual averaged squared residual errors at different
orders of approximations have been shown in Table II. From
the tables, one can observe that both the total and individual
averaged squared residual errors reduce gradually as we keep
on increasing the order of approximations.

V. VALIDATION OF OUR RESULT

With the perspective of validating the results obtained by
us employing the OHAM technique, we have compared the
numerical values of the reduced Nusselt number [−θ ′(0)] and
the reduced Sherwood number [−φ′(0)] with that of Makinde
and Aziz22 and have shown the results in tabular form. For
this purpose, we have set the values of certain parameters as
M = 0, n = 1, A = 0, K = 0, γ = 0, Pr = 10, Nb = 0.2, Ec
= 0, and Bi = 0.1. From Table III, an outstanding agreement
is perceived between the numerical values of those physical
entities obtained by Makinde and Aziz22 and by us. Moreover,
in Table IV, we have also validated our result with the results
obtained by Khan and Pop21 for several values of Pr. And in this

TABLE III. Comparison of the numerical values of �θ′(0) and �φ′(0).

�θ′(0) Makinde �θ′(0) present �φ′(0) Makinde �φ′(0) present
Nt and Aziz22 investigation and Aziz22 investigation

0.1 0.0873 0.0871 2.3109 2.3109
0.2 0.0868 0.0862 2.3168 2.3169
0.3 0.0861 0.0861 2.3261 2.3259
0.4 0.0854 0.0855 2.3392 2.3390
0.5 0.0845 0.0846 2.3570 2.3568

TABLE IV. Comparison of the numerical values of �θ′(0).

Pr �θ′(0) Khan and Pop21
�θ′(0) present investigation

0.07 0.0663 0.0661
0.20 0.1691 0.1688
0.70 0.4539 0.4537
2.00 0.9113 0.9111
7.00 1.8954 1.8907

case also, one can observe an excellent resemblance between
the compared results.

VI. RESULTS AND DISCUSSION

This segment reveals the physics involved in the flow
regime as extensive computations have been carried out for
the velocity field, temperature distribution, and the nanoparti-
cle volume fraction together with the wall velocity gradient, the
wall temperature gradient, and the wall concentration gradient
for a set of values of regulatory flow parameters that spec-
ify the flow characteristics. The findings obtained from the
OHAM technique are well demonstrated in Figs. 2–13 along
with Tables V–VII. The default values are chosen as M = 0.5,
n = 2, A = 0.1, K = 0.5, γ = 0.1, Pr = 7, θ4 = 1.5, Rd = 0.5,
Nb = 0.2, Nt = 0.2, Bi = 0.2, Ec = 0.1, and Sc = 1.5, until
otherwise specified particularly.

FIG. 2. Velocity profiles for different values of M.

FIG. 3. Velocity profiles for different values of K.
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FIG. 4. Velocity profiles for different values of n.

FIG. 5. Velocity profiles for different values of γ.

FIG. 6. Velocity profiles for different values of A.

FIG. 7. Temperature distribution for different values of Pr.

FIG. 8. Temperature distribution for different values of Nt.

FIG. 9. Temperature distribution for different values of Ec.

FIG. 10. Temperature distribution for different values of Bi.

FIG. 11. Concentration profiles for different values of Sc.



122003-10 Seth et al. Phys. Fluids 30, 122003 (2018)

FIG. 12. Concentration profiles for different values of Nb.

FIG. 13. Concentration profiles for different values of A.

A. Velocity profiles

Figures 2–6 display the features of the fluid velocity f ′(η)
under the impact of the magnetic parameter M, permeability
parameter K, stretching index n, velocity slip parameter γ, and
unsteadiness parameter A, respectively. Figure 2 depicts that
an intensification in the magnetic field, M, is responsible for

TABLE V. Variation of the skin friction coefficient. In Tables V–VII, the
boldface values indicate that we are increasing the values of that particular
parameter keeping the values of other parameters fixed.

M n γ K A �f ′′(0)

0.1 1.306 326 29
0.3 2 0.1 0.5 0.1 1.353 499 13
0.5 1.398 416 18

0 0.997 467 78
0.5 1 0.1 0.5 0.1 1.225 435 73

2 1.398 416 18

0 1.702 246 11
0.5 2 0.1 0.5 0.1 1.398 416 18

0.5 0.843 707 56

0.1 1.306 326 29
0.5 2 0.1 0.3 0.1 1.353 499 13

0.5 1.398 416 18

0.1 1.398 416 18
0.5 2 0.1 0.5 0.15 1.406 405 81

0.2 1.414 354 36

TABLE VI. Variation of the Nusselt number.

Pr Nt Ec A Bi �θ′(0)

1 0.116 895 50
3 0.2 0.1 0.1 0.2 0.128 830 72
5 0.137 005 49

0.2 0.116 895 50
1 0.5 0.1 0.1 0.2 0.114 532 10

0.7 0.112 863 27

0.1 0.116 895 50
1 0.2 0.3 0.1 0.2 0.071 550 26

0.5 0.025 329 80

0.1 0.116 895 50
1 0.2 0.1 0.15 0.2 0.113 056 28

0.2 0.108 322 82

0.2 0.116 895 50
1 0.2 0.1 0.1 0.3 0.151 684 80

0.5 0.198 775 13

TABLE VII. Variation of the Sherwood number.

Sc Nb A �φ′(0)

1 0.451 536 08
1.5 0.2 0.1 0.649 119 63
2 0.824 394 56

0.2 0.649 119 63
1.5 0.5 0.1 0.694 994 09

1.0 0.710 610 58

0.1 0.649 119 63
1.5 0.2 0.15 0.612 028 65

0.2 0.570 578 60

a decrement in the velocity of the fluid. This behavior of the
fluid velocity is in accordance with the physical observation
that the application of the transverse magnetic field induces a
retarding body force, namely, the Lorentz force which has a
property to oppose the fluid motion. Consequently, a downfall
in the velocity profile is observed. Effect of the permeabil-
ity parameter K on the velocity field has been elucidated in
Fig. 3. We notice from Fig. 3 that the fluid velocity acts as a
decreasing function of K. This is because a rise in the value of
K means a decrease in the porous permeability of the medium.
As a result, less space is available for the fluid to flow. Nat-
urally, the velocity of the fluid diminishes gradually. From
Fig. 4, one can perceive that with the higher values of n, the
nanofluid velocity starts to exhibit a declining property inside
the momentum boundary layer. Therefore, it can be stated that
the stretching of the sheet with faster a rate slows down the
velocity of the nanofluid. Figure 5 has been plotted to display
the influence of the velocity slip parameter γ on the velocity
field. It is revealed from Fig. 5 that the nanofluid velocity acts
as a decreasing function of γ. Physically, an increment in the
values of γ means an enhanced slip between the nanofluid and
the surface of the sheet. Therefore, only a partial stretching
velocity is transferred to the nanofluid which in consequence
slows down the actual velocity of the nanofluid. Also, when
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γ→∞, there does not exist any fluid motion. Figure 6 exhibits
the behavior of fluid velocity with respect to the unsteadiness
parameter A. A trend of downfall from the pattern of the curves
is observed from Fig. 6. Since A is directly proportional to the
constant parameter λ, an increment in A implies an increment
in λ, i.e., a higher stretching velocity which tends to bring
down the nanofluid velocity.

B. Temperature distribution

This section exhibits the variation of the dimensionless
fluid temperature θ(η) with the help of Figs. 7–10 for sev-
eral values of the Prandtl number Pr, thermophoresis param-
eter Nt, Eckert number Ec, and Biot number Bi, respectively.
Influence of the Prandtl number over the nanofluid temper-
ature has been elucidated via Fig. 7. It is witnessed from
Fig. 7 that the temperature profile presents a declining nature
while intensifying the effect of Pr. We know that the relative
measure of momentum diffusivity to thermal conductivity is
governed by the Prandtl number. Naturally, higher values of
the Prandtl number make thermal conductivity of the fluid
weaker, and hence, the temperature of the fluid is decreased.
Figure 8 has been plotted to analyze the effect of the ther-
mophoresis parameter Nt on the temperature profile. One
can observe from this figure that the temperature gradually
increases with increasing the thermophoresis parameter. This
is because with an intensification of Nt, the kinetic energy of
the nanoparticles increases which in result causes a thicker
thermal boundary layer due to the presence of nanoparticles in
the fluid. An elevation in the fluid temperature is noticed from
Fig. 9 with the enhancement in the Eckert number. Actually, the
Eckert number signifies the relative measure of kinetic energy
to enthalpy. So, for larger Ec, the material particles are more
active due to a large amount of energy storage. Hence, greater
viscous dissipative heat causes an increment in the fluid tem-
perature. Figure 10 reflects the effect of the Biot number Bi on
the temperature distribution. We perceive from Fig. 10 that the
temperature of the fluid increases as we keep on increasing the
value of the Biot number. This phenomenon can be explained
as greater values of the Biot number leads to a stronger con-
vective heating at the sheet. Consequently, the thickness of
thermal boundary layer increases.

C. Nanoparticle volume fraction

Figures 11–13 reveal the variation of the nanoparticle vol-
ume fraction φ(η) under the influence of the Schmidt number
Sc, Brownian motion parameter Nb, and unsteadiness param-
eter A, respectively. Figure 11 implies that an amplification in
the Schmidt number results in diluting the molecular diffusiv-
ity of the fluid which diminishes the concentration boundary
layer. Figure 12 suggests that a stronger Brownian motion is
responsible for a lower nanoparticle volume fraction. More-
over, an interesting fact about this variation of the volume
fraction is that φ(η) lies in the ratio between the effective
heat capacity of the nanoparticles to the heat capacity of the
fluid. Figure 13 denotes the effect of unsteadiness parame-
ter on the nanoparticle volume fraction. From this figure, it is
inferred that φ(η) acts a decreasing function of the unsteadiness
parameter.

D. Variation of physical entities

In order to analyze the behavior of some quantities
of engineering interests, viz., the local skin friction coef-
ficient CfxRe1/2

x , the local Nusselt number NuxRe−1/2
x , and

the local Sherwood number ShxRe−1/2
x , effects of vari-

ous flow parameters on these three quantities have been
computed and presented in Tables V–VII. From Table V,
one can observe that the skin friction coefficient is getting
increased on increasing either of the magnetic parameter,
stretching index, permeability parameter, and unsteadiness
parameter. On the other hand, a reverse pattern is noted in
the case of the velocity slip parameter. From Table VI, we
perceive that an increment in the value of the Nusselt num-
ber takes place as we keep on increasing the values of the
Prandtl number and Biot number, whereas an opposite trend
in the behavior of this physical entity is observed on increas-
ing the values of the thermophoresis parameter, unsteadiness
parameter, and Eckert number. From Table VII, it can be
inferred that the Schmidt number and the Brownian motion
parameter exhibit a tendency to enhance the Sherwood num-
ber, whereas a downfall in the value of this physical quan-
tity is noticed while increasing the value of the unsteadiness
parameter.

E. A brief explanation on the variation
of the Bejan number

For a particular system, the irreversibility of thermal
energy is studied by means of the generation of entropy or
more precisely, in terms of the Bejan number Be. With a
view to describe the variation of the Bejan number graphi-
cally against some of the flow parameters, Figs. 14–17 have
been plotted. It is clear from Fig. 14 that with an intensifi-
cation in the applied magnetic field, there is an increment in
the Bejan number. Actually, as we move up from the surface,
the effect of heat transfer entropy becomes large. This entropy
effect is in full dominance due to heat transfer, when it is far
away from the region. This is because an increasing value of M
causes a stronger frictional effect, leading to a rise in the fluid
temperature and thus there is an enhancement in the Bejan
number as depicted in Fig. 14. Figure 15 indicates that with
the increment of the thermal radiation parameter Rd , the Bejan
number increases. One can observe from Fig. 16 that the value

FIG. 14. Variation of the Bejan number for different values of M.
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FIG. 15. Variation of the Bejan number for different values of Rd .

FIG. 16. Variation of the Bejan number for different values of Br.

FIG. 17. Variation of the Bejan number for different values of Bi.

of the Bejan number gets lowered as we keep on increasing
the Brinkman number. Figure 17 depicts that the Biot number
has a tendency to enhance the Bejan number. One interesting
fact about the curves plotted for the Bejan number is that, they
start to increase from the surface gradually and take a peak
value near η = 1 and after that fall asymptotically. Exhibition
of such a rising tendency of the Bejan number clarifies that
the production of entropy near the sheet is maximum because
of the fluid friction rather than the irreversibility of heat
transfer.

VII. LINEAR AND QUADRATIC
REGRESSION ESTIMATION

Regression analysis is a kind of statistical technique used
for estimating the relationship of the variables. More precisely,
regression analysis plays a significant role in comprehending
how the particular value of a dependent variable varies due to
change of an independent variable keeping other independent
variables fixed. This section epitomizes the analysis of regres-
sion estimation for the skin friction coefficient and the reduced
Nusselt number. The observations are discussed with the help
of Tables VIII and IX.

The estimated linear regression model for the skin friction
coefficient CfxRe1/2

x is given by

Cfest = CfxRe1/2
x + b1K + b2A + b3γ + b4n, (61)

where b1, b2, b3, and b4 are the linear regression coef-
ficients corresponding to K, A, γ, and n, respectively. In
Table VIII, the regression coefficients for various values of M
along with the maximum relative error εl, which is given by
εl = |(Cfest − CfxRe1/2

x )/CfxRe1/2
x |, are presented. In this case

for a particular value of M (suppose for M = 0.5), the value
of CfxRe1/2

x is calculated for 100 sets of values of K, A, γ, and
n, which are generated randomly from the interval [0.05, 0.5],
and we perform a linear regression on the results. This yields
the correlation

Cfest = − 0.946 681 − 0.301 822K − 0.183 980A

+ 0.826 933γ − 0.197 738n, (62)

with a maximum relative error of about 5.6%. This indi-
cates that an increase in any of the permeability parameter
K, unsteadiness parameter A, or the stretching index n leads
to an increase in the value of the skin friction coefficient,
whereas with the increment in the value of the slip param-
eter γ, the value of the skin friction coefficient is getting
lowered. This exercise is repeated for other values of M as
shown in Table VIII. From this table, one can see that the
coefficient of γ varies rapidly with the variation of M as
compared to the coefficients of K, A, and n, which clearly
suggests that a little deflection in γ will result in a large per-
turbation in CfxRe1/2

x . Finally, from Table VIII, we perceive
that the accuracy of the linear regression estimate increases as
M increases.

For most practical purposes, the simple linear regression
formula is adequate. But if one wants to obtain a more accu-
rate formula then one can perform a quadratic regression. Here
in Table IX, we have shown a quadratic regression estimation
for the reduced Nusselt number Nur [−θ ′(0) is denoted as
reduced the Nusselt number]. The estimated quadratic regres-
sion model for the reduced Nusselt number Nur is given
by

Nurest = Nur + c1Nb + c2Nt + c3Ec + c4Nb2 + c5Nt2

+ c6Ec2 + c7NbNt + c8NbEc + c9NtEc, (63)

where ci (i = 1–9) are quadratic regression coefficients corre-
sponding to Nb, Nt, and Ec. The maximum relative error εq

is given by εq = |(Nurest − Nur)/Nur|. Here the regression has
been performed by taking various values of the Biot number
Bi. For a particular value of Bi (e.g., Bi = 0.5), the value of
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TABLE VIII. Linear regression coefficients and error bound for the skin friction coefficient.

M CfxRe1/2
x b1 b2 b3 b4 εl

0.5 �0.946 681 �0.301 822 �0.183 980 0.826 933 �0.197 738 0.0567
0.7 �1.027 661 �0.284 634 �0.177 617 0.913 639 �0.178 893 0.0532
1.0 �1.140 818 �0.262 244 �0.167 778 1.041 860 �0.155 806 0.0514
1.2 �1.211 275 �0.249 326 �0.161 350 1.125 734 �0.143 098 0.0505
1.5 �1.310 384 �0.232 525 �0.152 199 1.248 765 �0.127 082 0.0497
1.7 �1.372 538 �0.222 805 �0.146 503 1.328 834 �0.118 013 0.0494
2.0 �1.460 595 �0.210 095 �0.138 609 1.445 964 �0.106 281 0.0492
2.5 �1.595 498 �0.192 941 �0.127 130 1.633 419 �0.090 466 0.0492

TABLE IX. Quadratic regression coefficients and error bound for the reduced Nusset number.

Bi Nur c1 c2 c3 c4 c5 c6 c7 c8 c9 εq

0.1 0.0786 0.0018 0.0149 �0.1070 �0.0083 �0.0071 �0.0293 �0.0139 �0.0678 �0.0707 0.010 77
0.2 0.1391 �0.0141 0.0144 �0.2015 �0.0093 �0.0098 �0.0318 �0.0187 �0.0841 �0.1026 0.005 19
0.3 0.1863 �0.0341 0.0075 �0.2785 �0.0074 �0.0108 �0.0283 �0.0189 �0.0822 �0.1152 0.002 65
0.4 0.2236 �0.0539 �0.0018 �0.3406 �0.0043 �0.0108 �0.0238 �0.0170 �0.0737 �0.1184 0.001 73
0.5 0.2539 �0.0720 �0.0117 �0.3911 �0.0009 �0.0104 �0.0198 �0.0140 �0.0632 �0.1167 0.001 16
0.6 0.2787 �0.0833 �0.0214 �0.4327 �0.0023 �0.0098 �0.0165 �0.0105 �0.0526 �0.1127 0.000 81
0.7 0.2995 �0.1027 �0.0305 �0.4675 �0.0054 �0.0090 �0.0138 �0.0070 �0.0424 �0.1076 0.000 71

Nur is calculated for a set of 100 values of Nb, Nt, and Ec
selected randomly from the interval [0.1, 1.0] and a quadratic
regression estimation has been carried out. This leads to the
following correlation:

Nurest = 0.2539 − 0.0720Nb − 0.0117Nt − 0.3911Ec

− 0.0009Nb2 − 0.0104Nt2 − 0.0198Ec2

− 0.0140NbNt − 0.0632NbEc − 0.1167NtEc,

(64)

with a maximum relative error of just 0.12%. This clearly
indicates that an increase in any of the parameters, i.e., Nb,
Nt, or Ec causes a fall in the value of the reduced Nus-
selt number (corresponding to an increase in the thermal
boundary-layer thickness). A close observation to Table IX
reveals that as we keep on increasing the values of Bi,
the maximum relative error is turning out to be almost
negligible (very close to 0%) and the rate of approach-
ing towards this excellent accuracy level is much faster
than that of the linear regression estimation as presented in
Table VIII.

VIII. FINAL OUTCOMES

This research article deals with the hydromagnetic
nanofluid flow past a non-linear stretching sheet embedded
in a porous medium in the presence of a magnetic field and
thermal radiation with a slip velocity condition. The note-
worthy outcomes of this investigation can be summarized as
follows:

1. An augmentation in the values of the magnetic field, per-
meability of the porous medium, stretching index, veloc-
ity slip, and unsteadiness parameter cause a retardation
in the fluid flow.

2. Strengthening the effects of the Eckert number, Biot num-
ber, and thermophoretic diffusion result in a downfall in
the fluid temperature, whereas a reverse pattern is noticed
in case of the Prandtl number.

3. The nanoparticle concentration is found to be a decreas-
ing function of both the Schmidt number and Brownian
motion, while a rise in the unsteadiness parameter leads
to an enhancement in the concentration.

4. A rise in the value of the local skin friction coefficient
is witnessed by increasing effect of the magnetic field,
porous permeability, unsteadiness parameter, and stretch-
ing index, whereas a contradictory nature in this physical
quantity is perceived for the slip parameter.

5. A diminishing tendency of the Nusselt number is revealed
when we keep on increasing the value of the Eckert num-
ber, thermophoresis parameter, and unsteadiness param-
eter. On the other hand, an adverse effect is noted for the
Prandtl number and Biot number.

6. Intensifying the effects of the unsteadiness parameter
and Schmidt number play a major role in uplifting the
value of the Sherwood number, whereas the unsteadiness
parameter exhibits a contradictory phenomenon.

7. The irreversibility of thermal energy rises as we keep
on magnify the impact of the thermal radiation parame-
ter, magnetic parameter, and Biot number, but a reverse
occurrence takes place as we magnify the effect of
viscous dissipation.
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