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Abstract
In this theoretical work, we calculate molecular potential energy curves, spectroscopic constants
and transition dipole moments for the ground S S+ +( )X , B2

u
2

g and first excited electronic states
(A2Πu) of alkaline-earth molecular ion +Mg .2 We consider an ab initio multi-reference
configuration interaction method using an aug-cc-pv5z Gaussian basis set and compare our
results with those obtained by others. The comparison shows a very good agreement. In addition,
we investigate the ion-atom elastic collisions for a wide range of energies including the isotopic
effect. In close connections, we determine the scattering T-matrix elements for ground-state
electronic potentials, which show divergent behavior at a particular energy, indicating the
occurrence of scattering resonances. We find that the s-wave scattering length is positive for both
ground-state potentials. We also study possible free-bound transitions and Franck–Condon
overlap for our system.

Supplementary material for this article is available online

Keywords: potential energy curves, spectroscopic constants, MRCI method, transition dipole
moment, ion-atom cold collisions, scattering length
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1. Introduction

Over the last two decades, there has been remarkable progress
in cooling and trapping of atoms and ions. In recent times,
Hybrid traps [1, 2] where both ions and atoms can be simul-
taneously confined and cooled have been experimentally
demonstrated. These hybrid systems offer a new platform for
investigating elastic, inelastic and reactive collisions between
ions and atoms at low temperatures. But, in such a hybrid
system, ions cannot be cooled in μK or sub-μK temperatures
because the motion of ions in the trapping field creates an
unavoidable inherent source of kinetic energy i.e. trap-induced

micromotion of the ions. Ion-atom cold collisions [3–11] are
important to understand charge transport [12], ion-atom bound
state [13], cold molecular ions [14, 15] and ion-atom photo-
association (PA) [16, 17], etc. In recent years, there have been
attempts [18, 19] to photoassociate an ion-atom pair into
molecular ion, but it is yet to be realized experimentally. The
creation of cold molecular ions [14, 15, 20] from ion-atom
colliding mixtures will open a new perspective in quantum
chemistry, metrology [21, 22] and astrochemistry [23]. Besides,
charge transfer processes [24, 25], chemical [26] and spin-
exchange reaction [27] processes have been investigated in ion-
atom colliding systems. It is proposed that controlled ion-atom
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cold collisions may be used for future quantum information
processing [28, 29].

The ion-atom cold collisions were first studied by Grier
et al [30] for an alkaline-earth-like Yb++Yb system. The use
of alkaline-earth molecular ionic systems will help to investigate
the different processes [31, 32] that are important for quantum
information storage. Several groups have studied the resonant
charge transfer cross-section for Yb++Yb [30, 33] in different
energy regimes. Zhang et al [6] have studied ion-atom collisions
between lithium isotopes at low energies. Recently, Rakshit et al
[34] have studied elastic scattering between the alkali ion and
alkali atom of different nuclei of three ion-atom systems such as
Li+Cs+, Na+Cs+ and Li+Rb+ including the isotopic
effects. Among the alkaline-earth elements, elements such as Ca
and Sr can be effectively cooled by laser at ultracold temper-
ature, but unfortunately researchers have not been able to reach
the same temperature with Mg. However, a recent experiment
[35] showed some noticeable progress in the cooling of Mg
atoms. Mg lattice clock [36] is being reported experimentally
and is also used for metrological [37] and many other applica-
tions. Photodissociation of the alkaline-earth +Mg2 molecular
ionic system via low-lying electronic state 1 2S+

g has been
reported [38].

To explore cold collisions and radiative processes in ion-
atom systems, one needs accurate molecular data for the
systems. For many of the ion-atom binary systems, molecular
data are either unavailable or insufficient. Several authors
[31, 39, 40] have theoretically studied the structures and
spectroscopic properties of the homo- and hetero-nuclear ion-
atom systems involving alkaline-earth elements. Banerjee
et al [39] determined the potential energy curves for the
ground electronic states X2S+

u and B2S+
g of +Be2 molecular

ion using full valence configuration interaction (FCI) calcul-
ation and the aug-cc-pv5z (AV5Z) basis set of Dunning [41].
They showed two local minima in the ground B2S+

g state.
Banerjee [40] in 2013 determined the potential energy curves
as a sum of the valence and core-valence contributions. The
core-valence is obtained as a difference between the frozen-
core and RIV CCSD(T) calculation done with the cc-pWCTZ
basis set. The electronic dipole transition moments and
radiative lifetimes of the vibrational levels of the B2S+

g for
+Mg2 molecular ion have been theoretically calculated [40].

Huidong et al [42] studied the alkaline-earth cations ( +Be ,2
+Mg ,2

+Ca ,2
+Sr2 and +Ba2 ) using both coupled cluster and

FCI with the aug-cc-pcv5z basis set. Côté et al [12] computed
the potential energy curves of the 2S+

g and 2S+
u electronic

states for the Na+Na+ molecular ionic system.
Here, we calculate the adiabatic potential energy curves

for the ground (X2S+ ,u B2S+
g) and the first excited electronic

states (A2Πu) of the alkaline-earth +Mg2 molecular ionic
system. The short-range part of these potentials is obtained by
our ab initio calculation and the long-range part of the
potentials is obtained by the sum of the dispersion terms. We
determine the spectroscopic constants, transition dipole
moments (TDMs) and vibrational energy spacing for such
electronic states. We also study cold collisions of a pair of
alkaline-earth ion-atom systems for a range of energies in
ground as well as first excited molecular electronic potentials.

We consider colliding ion-atom pairs as 24Mg+24Mg+ and
25Mg+24Mg+, respectively. Our main aim is to understand
the elastic scattering processes for such ion-atom colliding
systems. Although, in our system there is also a finite pos-
sibility of inelastic collisions if the hyperfine structure of the
neutral atom is considered. But in our calculation, we focused
only on elastic scattering. We solve the time-independent
Schrödinger equation by the standard Numerov–Cooley [43]
method. We calculate detailed results of the scattering cross-
section and scattering T-matrix elements for our system for a
range of energies. We find that the scattering T-matrix ele-
ment becomes divergent at a particular energy, indicating the
occurrence of scattering resonance. In addition, we calculate
possible free-bound transitions including the Franck–Condon
(FC) factor for our system.

This paper is organized as follows. In section 2, we
outline the computational methods and the basis sets used. In
section 3, we present our results for the potential energy
curves of the homonuclear +Mg2 molecular ion, spectroscopic
constants, TDMs and vibrational energy-level spacing. The
elastic scattering properties including the free-bound radial
transition dipole element are also discussed in this section. In
the last section, we make some concluding remarks.

2. Theoretical methods

In this work, we determined the adiabatic potential energy
curves and spectroscopic constants of the alkaline-earth
molecular ion +Mg2 using several computational techniques
as incorporated in the Molpro program. We have calculated
the potential energy curves and dipole moments of the ground
state, X2S+ ,u and the first excited states B2S+

g and A2Πu. All
23 electrons of the +Mg2 ionic molecule are treated in our
calculation. The energy was obtained from multi-reference
configuration interaction (MRCI) calculations using the full
valence complete active space self-consistent field (CASSCF)
method. Initially, we used the Hartree–Fock (HF) method to
compute the potential energy curves of the +Mg2 molecular
ion for the ground and first excited states. Although the HF
approximation is not sufficient to describe the interaction
energy in all interatomic ranges, it provides the equilibrium
distance and well depth with an acceptable accuracy. In fact,
this approximation is used only to predict the equilibrium
distance and potential well depth. As the HF is not sufficient
to describe all regions of interactions in the potential energy,
full valence CASSCF [44, 45] calculations are performed for
a better description of the potential energy curves for all
interatomic distances. Finally, and for better accuracy, MRCI
[46, 47] calculations are carried out for greater improvement
of the results using the augmented-correlation-consistent-
polarized valence quintuple zeta basis set AV5Z [41], which
shows smoother potential energy surfaces. The selection of
this large Gaussian basis set is based on its ability to recup-
erate 99% of the electron correlation energy [48]. The AV5Z
basis set contains 14s, 8p, 4d, 3f, 2g and 1h Gaussian type
angular momentum functions, which are contracted to the 6s,
5p, 4d, 3f, 2g and 1h functions. This basis set is taken from
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the EMSL Basis Set Library [49]. In fact, the choice of basis
set is one of the most crucial aspects of precision in any
quantum chemistry calculation. The choice of a basis set is
important for the description of the system. The larger basis
set entails more basis functions, which becomes computa-
tionally expensive, although it provides a more accurate
description of the system. The AV5Z basis set contains 14s,
8p, 4d, 3f, 2g and 1h Gaussian type angular momentum
functions, which are contracted to the 6s, 5p, 4d, 3f, 2g and
1h functions. It is important to note that all ab initio calcu-
lations reported in this paper are performed using the Molpro
package [50].

3. Results and discussion

3.1. Adiabatic potential

In figure 1, we have shown potential curves as a function of
internuclear separation for the ground (X2S+ ,u B2S+

g) and first
excited electronic states of the +Mg2 molecular ionic system.
These curves are obtained using the MRCI method connected
with the AV5Z basis set for Mg. The computations of the
potential interaction are performed over the interval 3�R�50
a.u. unit for all considered electronic states. We note that the two
lowest potential energy curves related to the X2S+

u and B2S+
g

electronic states tend asymptotically to the same limit that cor-
responds to a neutral Mg atom in state 1S and the ion Mg+ in
state 2S. The excited state P+A2

u of +Mg2 molecular ion
asymptotically corresponds to an Mg atom in the excited state 3P
and an Mg+ ion in state 2S.

The long-range part of the potential energy curve is
described by the sum of the dispersion terms (see supple-
mentary material for details, available online at stacks.iop.
org/JPB/51/195201/mmedia). The short-range part of the
potential is smoothly combined with the long-range part by
interpolation to obtain the potential for the entire range
extending to several 1000 a.u.

The long-range potential is given by

= - + + ¼⎜ ⎟⎛
⎝

⎞
⎠( ) ( )V r

C

r

C

r

1

2
. , 14

4
6
6

where C4=71.5 a.u. [51, 52] and C6=648 a.u. [53], which
are related to dipole and quadruple polarizabilities of the
concerned atom. Therefore, the long-distance interaction is
mainly governed by the polarization interactions.

The qualitative feature of this long-range interaction mole-
cular ion is governed by the effective length, which is given by

b m= ( )/C2 .4 4
2 1

2 The values of the effective length for each
Mg stable isotope for the two ground S S+ +X , B2

u
2

g and
P+A2

u electronic states are given in table 3. The reduced masses
of the 24Mg+24Mg+ and 25Mg+24Mg+ isotopes are taken to
be 12.1525 and 12.320 358 19 a.u., respectively.

3.2. Spectroscopic constants

To verify the accuracy of our calculated potential energy
curves for the said three states, we have extracted their
spectroscopic constants: the equilibrium distance (Re), well
depth (De), harmonacity frequency (ωe), anharmonacity fre-
quency (ωexe) and rotational constant (Be). These spectro-
scopic constants, for the ground and first excited states, are
presented in table 1 and compared with the available exper-
imental [38] and theoretical [40, 42] works.

Our ground state (X2S+
u) well depth (De) is in very good

agreement with the experimental results of Ding et al [38]. In
our calculations, we found De=10 625 cm−1 and they found
De=10 200±300 cm−1. Our results are also in very good
agreement with the available theoretical works [40, 42].
Huidong et al [42] have calculated the equilibrium distance
(Re) and the dissociation energy (De) using different approa-
ches, such as FCI/AV5Z, CCSD(T)/AV5Z, CCSD(T)/
AV5Z and CCSD(T)/CBS, and their results are in
good agreement with our work. Our obtained values of Re

(5.77 a.u.) and De (10 625 cm
−1) are in very good agreement

with Banerjee et al [40] (Re=5.77 a.u., De=10 624 cm−1)
including other spectroscopic constants.

To date, no experimental study has been made for the
electronic state B2S+

g of (Mg2)
+. Therefore, we compared the

spectroscopic constants for this state with the available theoretical
works. Banerjee [40] calculated theoretically the spectroscopic
constants: Re=14.93 a.u., De=89 cm

−1 and ωe=11.61 cm
−1

for the said electronic state of the +Mg2 molecular ion. Our
calculated equilibrium distance (Re) and the well depth (De)
values are in good agreement with the results of Banerjee et al
[40]. We found Re and De of 14.82 a.u. and 131 cm−1, respec-
tively. The difference is about 0.1 a.u. for Re and 40 cm

−1 for De.
It is important to note that Banerjee et al, in their study, have
used a similar formalism to that used in our work.

Figure 1. Potential energy curves of state X2S+
u (black, solid), B

2S+
g

(red, dashed) and A2Πu (blue, dashed-double dotted) of the +Mg2
molecular ion are plotted as a function of internuclear separation.
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To the best of our knowledge, no experimental data have
been found for the A2Πu state. We compared our spectroscopic
constants only with the available theoretical results. In table 1, we
have shown the spectroscopic constants of the A2Πu electronic
state and compared this with the available theoretical work [40].
We found for Re and De, respectively, 4.97 a.u. and 15 743 cm

−1,
and they found 4.97 a.u. and 15 890 cm−1. These results show an
excellent agreement between the two theoretical studies. The
same excellent agreement is observed between our harmonacity
frequency (ωe), the anharmonacity frequency (ωexe) and the
rotational constant (Be).

3.3. Vibrational levels and TDM

The vibrational energy levels of the +Mg2 molecular ion in
different electronic states have been determined using the
Numerov algorithm with 5000 points for a large grid of inter-
nuclear distance r. In figure 2, we have shown the vibrational
energy-level spacing for the X2S+ ,u B2S+

u and A
2Πu electronic

states of the +Mg2 molecular ion, and in table 2 we list the
calculated vibrational level spacing energies of these states. We
note that the X2S+

u and A2Πu states of the +Mg2 molecular ion
consist of more vibrational levels than the B2S+

g state, which
can be explained by their deeper potential wells.

In figure 3, we have shown the variation of the TDM as a
function of the internuclear distance r between same symmetry
(X2S+

u-B
2S+

g) and opposite symmetry (2S+
u,g-A

2Πu) poten-
tials. In the lower panel of figure 3, we have represented the
variation of TDM between the states X2S+

u and A2Πu and it
attains a maximum value equal to 7.32 a.u. located at an inter-
nuclear distance of 15.88 a.u. (1 a.u.=0.529Å). For large
internuclear distance, the TMDs converge towards the same
constant limit. We expect that the absorption spectrum will
present a peak [54] at the related energy region. In fact, the
potential energy curves of both states are very deep (10 625 cm−1

for the ground state and 15 743 cm−1 for the excited state)
and they have very close minimums (5.77 and 4.97 a.u.,

respectively). They both attract about 100 vibrational levels
where the higher vibrational states are very close to each other
(see figure 2). The FC principle is perfectly applied in this case as
the ground state seems to be enclosing the excited state, and the
vibrational wave functions, of both states, are importantly almost
in the same region. As electronic transitions are very fast com-
pared to nuclear motions, vibrational transitions in the absorption
spectrum between levels are preferred when there is a slight
adjustment in the internuclear distance. Therefore, the overlap
between the ground-state vibrational levels and excited-state
vibrational levels will be maximized when the wave function of
the latter does not vanish, and the dipole moment is important.
We suppose that this will happen for higher excited vibrational
levels in the excited electronic state as the dipole moment at
large distance is significant where the vibrational wave function
does not vanish.

In the middle panel of figure 3, we have shown the TDM
between the states B2S+

g-A
2Πu, which is small and vanishes at

short internuclear distance. The TDM curve between these two
states starts from a small negative value, then increases rapidly.
The maximum TDM is found to be equal to 0.062 a.u. The TDM
between the state X2S+

u-B
2S+

g is shown in the upper panel of
figure 3 and we note that this TDM curve has the same behavior
as the classical TDMu-g ∼

R

2
[55, 56]. Therefore, we can mention

that the electron is located on either one of the Mg nuclei at large
internuclear distance.

3.4. Elastic collisions

In this section, we discuss ion-atom elastic collisions at low
energy. There are two main types of ion-atom collisions:
elastic and inelastic. One of the effects of elastic collisions is
the sympathetic cooling of an ion in an ultracold gas of atoms
[2]. Ion-atom inelastic phenomena may lead to a reaction
process in which a new charged particle with distinct che-
mical properties is produced, following a charge exchange
process or the formation of molecular ions via radiative or

Table 1. Spectroscopic constants (in cm−1, Re in atomic units) for the X2S+ ,u B2S+
g and A2Πu states of the +Mg2 molecular ion. However,

one can express Re in actual units by considering the relation: 1 a.u.=0.529 Å=0.529×10−10 m.

States Re De ωe ωeχe Be References

X2S+
u 5.77 10 625 210.49 1.042 0.149 This work

— 10 200±300 — — — [38] Exp
5.77 10 624 210.453 0.991 0.149 [40]
5.77 10 624 [42]i

5.7 10 642 214.33 0.36 0.155 [42]ii

5.7 10 590 215.49 0.59 0.155 [42]iii

5.77 10 572 [42]iv

B2S+
g 14.82 131 6.85 — 0.023 This work

14.93 89 11.61 3.825 0.022 [40]
A2Πu 4.97 15 743 323.01 1.25 0.2 This work

4.97 15 890 325.234 1.361 0.201 [40]

i

FCI[fc]/AV5Z.
ii

CCSD(T)/CBS+ΔD, ΔD is the dissociation energy difference between FCI[fc]/
AV5Z and CCSD(T)[fc]/AV5Z.
iii

CCSD(T)/CBS.
iv

CCSD(T)[fc]/AV5Z.
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Table 2. Energy spacing between two successive vibrational levels for the states of X 2S+ ,u B2S+
g and A2Πu.

Vibrational levels X2S+
g B2S+

u A2Πu Vibrational levels X2S+
g B2S+

u A2Πu

0 51 106.971 160.415

1 207.769 13.921 320.662 52 104.794 156.513

2 207.172 11.985 317.881 53 102.733 152.575

3 204.39 10.362 315.092 54 100.77 148.603

4 201.695 10.524 312.285 55 98.786 144.598

5 199.602 10.388 309.494 56 96.745 140.561

6 197.853 9.307 306.657 57 94.686 136.494

7 196.222 7.636 303.829 58 92.507 132.4

8 194.305 7.497 300.98 59 90.095 128.283

9 192.059 6.464 298.126 60 87.609 124.145

10 189.831 5.473 295.259 61 85.309 119.992

11 187.768 4.994 292.369 62 83.105 115.864

12 185.771 4.725 289.472 63 78.679 111.797

13 183.758 3.832 286.563 64 76.64 107.729

14 181.763 3.135 283.636 65 74.288 103.569

15 179.795 2.565 280.697 66 71.907 99.413

16 177.841 2.367 277.746 67 69.721 95.356

17 175.825 1.593 274.775 68 67.162 91.275

18 173.685 1.677 271.787 69 64.481 87.163

19 171.471 2.179 268.786 70 62.109 83.091

20 169.308 265.767 71 59.592 79.024

21 167.307 262.728 72 57.655 74.991

22 165.461 259.674 73 55.577 70.998

23 163.69 256.603 74 52.564 67.057

24 161.909 253.511 75 50.029 63.168

25 160.013 250.401 76 47.061 59.332

26 157.894 247.272 77 44.57 55.556

27 155.633 244.123 78 42.733 51.84

28 153.507 240.951 79 40.393 48.184
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non-radiative transitions. Here, we discuss only the homo-
nuclear elastic collision phenomena between a pair of alkaline
ion (Mg+) and alkaline atom (Mg) in the ground and first
excited electronic potentials, respectively. In the case of our

homonuclear system (Mg2)
+, the ground state consists of two

electronic potentials having opposite symmetry, but they
asymptotically go to 1S+2S (Mg+Mg+). The ion-atom
collision occurs in the presence of an interaction potential and
when it is spherically symmetric the partial-wave Schrödinger
equation becomes



m
+ - -

+
=

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( ) ( )d

dr
k V r

l l

r
U kr

2 1
0, 2l

2

2
2

2 2

where r is the internuclear separation of ion and atom, k is the
wave number related to energy E and μ is the reduced mass
of the ion-atom pair. Detailed calculations regarding elastic

Table 2. (Continued.)

Vibrational levels X2S+
g B2S+

u A2Πu Vibrational levels X2S+
g B2S+

u A2Πu

29 151.701 237.759 80 37.026 44.583

30 150.041 234.544 81 35.126 41.044

31 148.18 231.305 82 33.349 37.562

32 146.007 228.041 83 30 34.148

33 143.721 224.754 84 27.817 30.796

34 141.567 221.441 85 25.768 27.473

35 139.593 218.101 86 20.703

36 137.721 214.735 87 20.601

37 135.874 211.34 88 18.091

38 133.968 207.916 89 14.08

39 131.889 204.462 90 13.307

40 129.668 200.978 91 10.416

41 127.543 197.462 92 9.298

42 125.668 193.914 93 7.991

43 123.883 190.332 94 6.826

44 121.94 186.717 95 5.38

45 119.834 183.067 96 4.885

46 117.719 179.382 97 4.323

47 115.647 175.661 98 3.101

48 113.555 171.904 99 4.727

49 111.396 168.111 100 2.321

50 109.198 164.281

Table 3. Effective lengths β4 (atomic units) for the X2S+ ,u B2S+
g

and A2Πu electronic states of Mg stable isotopes.

Systems β4

2S+
g

2S+
u

2Πu
24Mg+24Mg+ 854 −1215 2956
25Mg+24Mg+ 453 10 −1063
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collision are given in our supplementary material, S1. As
mentioned earlier, for our system (Mg2)

+ the ground state is
associated with two electronic potentials X2S+

u and B2S+ ,g
and the elastic scattering cross-section is given by

ås
p

h= +
=

¥

( ) ( )
k

l
4

2 1 sin , 3el
g u

l
l
g u,

2
0

2 ,

and the cross-sections for the total scattering can be
expressed as

ås
p

h h= + +
=

=¥

( )( ) ( )
k

l
2

2 1 sin sin . 4tot
l

l

l
u

l
g

2
0

2 2

Here, hl
u and hl

g represent the phase shifts corresponding to
the potential X2S+

u and B2S+ ,g respectively. At a very low
energy limit, the phase shift hl

u g, is related to s-wave scattering

length (as) as d= -


( )a lim tan .s
u g

k k s
u g,

0

1 , The scattering length

gives all the physical information about the scattering process
at low energy. A negative (positive) scattering length is
associated with attractive (repulsive) interaction. This
depends on the nature of the potential and the position of the
highest molecular bound state in it.

To find the apposite energy regimes where s-, p- and
d-wave collisions are important, we have shown in figure 4 the
variation of partial-wave-scattering cross-sections as a function
of collisional energy E (cm−1) of the (Mg2)

+ system. The lower
panel of the figure corresponds to the variation of cross-sections

for the first three partial waves for electronic potential X2S+
u

and the upper panel represents the same for state B2S+ .g When
the energy of the system tends to zero, i.e. k→ 0, the s- (l=0)
wave scattering cross-section becomes independent of the
energy, while that of the p- (l=1) and d- (l=2) wave cross-
section varies according to Wigner threshold laws. As k→ 0,
the phase shift for lth partial wave becomes h ~ +kl

u g l, 2 1 if

Figure 3. In the lower panel, the TDM is plotted as a function of
internuclear separation between the states (X2S+

u-A
2Πu) for the +Mg2

molecular ion. The middle and upper panel represent the same between
the state (B2S+

g-A
2Πu) and (X2S+

u-B
2S+

g), respectively. One can
change the dipole moment from atomic units to actual units by
considering the relation: 1 a.u.=8.466×10−30 Coulomb-meter.

Figure 4. s-(black, solid), p-(red, dashed) and d-(blue, dashed-dotted)
wave elastic scattering cross-sections in cm2 are plotted as a function
of collision energy E (in cm−1) for the states X2S+

u (bottom) and B2

S+
g (top) of +Mg .2

Figure 2. Energy spacing (in cm−1) between two successive
vibrational levels (Ev+1-Ev) for the electronic states

2S+
g,u and A2Πu

of the +Mg2 molecular ion are shown for different vibrational levels.
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 -( )/l n 3 2 with n being the exponent of long-range
potential behavior as ~ /r1 .n When > -( )/l n 3 2, the phase
shift varies as h ~ -k .l

u g n, 2 As the Born–Oppenheimer
potential for the ion-atom system becomes ~ r1 4 for the
ground as well as the excited state when  ¥r , the s-wave
(l=0) ion-atom scattering cross-section should be independent
of energy, and other higher partial waves should become ~ k2

in the limit k 0. In the lower panel of figure 5, we show the
variation of the scattering T-matrix element, i.e. –Tk/k as a
function of collision energy E (cm−1) for s-wave, considering
the ion-atom pair 24Mg+24Mg+ collides in the X2S+

u elec-
tronic potential and the upper panel shows the same for the B2

S+
g potential. The value of this T-matrix element at very low

energy limit gives the scattering length, i.e. - =


/T k alim ,
k

k s
0

and we have found that the scattering length as is positive for
both the ground-state potentials. From figure 5, it is clear that
there is a signature of divergence in the scattering T-matrix
elements. This divergence indicates that the scattering phase

shift becomes π/2 at that particular energy, indicating the
occurrence of scattering resonance.

In figure 6, we show the elastic scattering cross-sections
(σel) as a function of energy E ( cm−1) of the ground state X2

S+ ,u and B2S+
g potentials for the 24Mg+24Mg+ colliding

system. In figure 7, we have shown the same for the total
elastic scattering cross-section as a function of energy. As
neither experimental nor theoretical data are available for
scattering cross-sections of our system, we compare our
results for the ground states with the (Li2)

+ system [18]. We
noted that elastic scattering cross-sections of homonuclear
ion-atom systems at ultralow energies are similar and pri-
marily governed by Winger threshold laws. At very low
energy regime, a small number of partial waves contribute to
the total elastic scattering cross-section and as the energy
increases, a large number of partial waves start to contribute.
In order to obtain a converging result of the elastic scattering
cross-sections for our system (Mg2)

+, we need more than 66
and 44 partial waves for electronic states X2S+

u and B2S+ ,g
respectively. At a large energy limit, the scattering cross-
section becomes (a brief derivation is given in the supple-
mentary material, S2)


s p

m p
» + -

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ ( )

/

/C
E1

16
. 5el

u g, 4
2

2

1 3 2
1 3

Considering the logarithm on both sides of equation (5),
we obtain a straight line having equation of state log
σu,g=−(1/3)+cE where the slope of the line is −1/3 and
the intercept is cE, respectively. In the case of our system, we
have numerically verified this E−1/3 law and the linear fit to
the plot of figure 7 at large energy regime, which shows that
the value of the slope is close to the actual value 1/3. In
figure 8, we have plotted the same elastic scattering cross-
section as a function of energy for the collisional system
24Mg+24Mg+ and 24Mg+25Mg+ occurring in the elec-
tronic potential X2S+

u in order to investigate the isotopic
effects. From this figure, it is clear that the nature of the plots

Figure 5. In the lower panel, the T-matrix element is plotted against
collision energy E (in cm−1) for the X2S+

u state of the (Mg2)
+

system. Upper panel shows the same for state B2S+ .g

Figure 6. Elastic scattering cross-sections sel
g u, in cm2 are plotted as a

function of energy E (in cm−1) for electronic states X2S+
u and B2

S+
g of +Mg2 in the lower and upper panel, respectively.

Figure 7. Sum of total elastic scattering cross-section σtot (cm
2) for

electronic states X2S+ ,u and B2S+
g of the (Mg2)

+ system are plotted
as a function of energy E (in cm−1).
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is almost the same, but they differ in magnitude, particularly
at very low energy regime.

3.5. FC factor and free-bound radial transition: results and
discussions

In order to calculate the FC factor or radial TDM between the
continuum states of ground-state potentials S S+ +( )X , B2

u
2

g

and ro-vibrational bound state of the first excited state (A2Πu)
of our system (Mg2)

+, we had to choose a suitable bound
state of first excited potential. We calculated the scattering
state and a large number of bound-state wave functions by
solving equation (2) by the Numerov–Cooley propagator (see
supplementary material for details, S3).

By using the Numerov–Cooley code, we calculated ro-
vibrational bound states for the potential A2Πu. In general,
molecular dipole transition between two ro-vibrational states
or between the continuum and bound state is governed by the
FC principle, which states that for excited bound states,
bound-bound or continuum-bound transitions mainly occur
near the turning points of bound states. In most of the cases of
the diatomic molecule or molecular ionic system, highly
excited bound-state wave functions have maximum amplitude
near the outer turning points and the spectral intensity is
proportional to the square of the FC overlap integral or FC
factor. This indicates that the spectral intensity for a con-
tinuum-bound transition will be significant when the con-
tinuum state has a prominent anti-node near the distance at
which the outer turning point of the excited bound state lies.

In general, the radial transition dipole element is defined as:

ò f= ( ) ( ) ( ) ( )D r D r U r dr, 6v j l v j l k, , , ,

where f f= á ñ( ) ∣r rv j vj, is the unit-normalized bound state hav-
ing vibrational and rotational quantum number v and j, respec-
tively, and = á ñ( ) ∣U r r Ul k l k, , is the energy-normalized
scattering-state wave function. D(r) is the TDM between the two
involved states. The ground electronic state of our system

consists of two potentials S S+ +X , B2
u

2
g having opposite

symmetry and they lie under the same continuum. We first
consider the transition from continuum states of X2S+

u potential
and a suitable ro-vibrational bound state of A2Πu potential. In
table 4, we show the value of the FC factor for three suitable ro-
vibrational states of which f = = =( )/v j94, 1 2v j, gives
maximum overlap.

In figure 9, we have shown the variation of quantity
∣ ∣Dv j l, ,

2 as a function of energy for the lowest three
partial waves in the upper and lower panels considering the
bound states = =( )/v j94, 1 2 and = =( )/v j86, 1 2 ,
respectively. The nature of the curves for two different ro-
vibrational states almost remain the same, but the magnitude
varies. From this figure, it is clear that the contribution of the
three partial waves is comparable above energy corresp-
onding to 0.5 mK, and at very low energy (E<0.01 mK)
only the s-wave makes a finite contribution to the dipole
transition. For our system, as the TDM value between the
states B2S+

g and A2Πu is very small, we have not taken into
account the transition from the B2S+

g and A2Πu states.

4. Conclusion

In this study, we have investigated the electronic structures and
spectroscopic constants of the alkaline-earth +Mg2 molecular ion

Figure 8. Same as in figure 7 for the collisional systems
24Mg+24Mg+ (black solid line) and 25Mg+24Mg+ (red dashed
line). For both systems, collisions occur in the electronic state
X2S+ .u Blue dashed line represents linear fit to both the curves for
energies greater than 1 μK.

Figure 9. Square of the free-bound radial TDM ( n∣ ∣D l,
2) (in a.u.) for

the ground state of scattering continuum (X2S+
u) with l=0 (solid

lines), l=1 (dashed lines) and l=2 (dashed-dotted lines) and the
selected ro-vibrational level with (v=94, j=1/2) (upper panel)
and (v=86, j=1/2) (lower panel) of the excited electronic state.
Here, one can change the energy unit from Kelvin to cm−1 by
multiplying by a conversion factor 0.695.

Table 4. Ro-vibrational energy ( nE j, ) of the +Mg2 molecular ion.

Vibrational
level (v)

Rotational
level ( j) Energy (GHz)

FC factor (atomic
units)

86 ½ −3591.781 90.920 59
92 ½ −1424.495 1738.9385
94 ½ −995.175 10 612.297 845
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and collisional properties between Mg+ and its neutral parent
atom. We have used the most efficient ab initio methods to
determine the potential energy interaction and the spectroscopic
constants (Re, De, ωe, ωexe and Be) of our system. We have used
the MRCI method with the AV5Z basis set [41]; the database
allows us to reduce the gap between our values and the exper-
imental results that did not exceed the +Mg2 molecular ion by
0.2%. We have calculated the TDMs as a function of internuclear
distance and also determined the vibrational energy-level spa-
cing. Using the produced data of the +Mg2 molecular ion, we
have presented a detailed study of elastic collisions for a large
range of energies exhibiting Wigner threshold behavior at low
energy and 1/3 law of scattering at a higher energy regime. We
have calculated the scattering T-matrix elements as a function of
energy for ground-state ion-atom 24Mg+24Mg+ collisions. We
have observed that the T-matrix element becomes divergent at a
particular energy, indicating the occurrence of a scattering reso-
nance for both the potentials S S+ +( )X , B2

u
2

g of the ground
electronic state and we have found that the scattering length is
positive for the said two potentials. In addition, we also discussed
the possible free-bound dipole allowed transitions for our system.
Our results are important for the formation of translationally and
rotationally cold molecular ions either in the ground or excited
state by PA [18] or stimulated Raman adiabatic passage [19]. The
generation of such molecular ions is important in cold chemistry
and precision spectroscopy.
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